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Abstract. We prove a Koszul duality theorem between the category of weight
modules over the quantized Coulomb branch (as defined by Braverman, Finkel-
berg and Nakajima) attached to a group G and representation V and a cat-
egory of G-equivariant D-modules on the vector space V . This is proven by
relating both categories to an explicit, combinatorially presented category.
These categories are related to generalized categories O for symplectic sin-
gularities. Letting OCoulomb and OHiggs be these categories for the Coulomb
and Higgs branches associated to V and G, we obtain a functor O!Coulomb →
OHiggs from the Koszul dual of one to the other. This functor is an equiva-
lence in the special cases where the hyperka¨hler quotient of T ∗V by G is a
Nakajima quiver variety or smooth hypertoric variety. This includes as spe-
cial cases the parabolic-singular Koszul duality of category O in type A, the
categorified rank-level duality proposed by Chuang and Miyachi and proven
by Shan, Vasserot and Varagnolo, and the hypertoric Koszul duality proven
by Braden, Licata, Proudfoot and the author.
We also show that this equivalence intertwines so-called twisting and shuf-
fling functors. This together with the duality discussed confirms the most
important components of the symplectic duality conjecture of Braden, Licata,
Proudfoot and the author in this case.
1. Introduction
Let V be a complex vector space, and let G be a connected reductive algebraic group
with a fixed faithful linear action on V . Attached to this data, we have two interesting
spaces, which physicists call the Higgs and Coulomb branches (of the associated
3-dimensional N = 4 supersymmetric gauge theory):
• The Higgs branch is well-known to mathematicians: it is given by an algebraic
symplectic reduction of the cotangent bundle T ∗V . That is, we have
MH := µ
−1(0)/G = Spec(C[µ−1(0)]G)
where µ : T ∗V → g is the moment map.
1Supported by the NSF under Grant DMS-1151473, the Alfred P. Sloan Foundation and an NSERC
Discovery Grant. This research was supported in part by Perimeter Institute for Theoretical Physics.
Research at Perimeter Institute is supported by the Government of Canada through the Department
of Innovation, Science and Economic Development Canada and by the Province of Ontario through
the Ministry of Research, Innovation and Science.
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• The Coulomb branch MC has only been precisely defined in a recent series of
papers by Nakajima, Braverman and Finkelberg [Nakb, BFNb]. It is defined
as the spectrum of a ring constructed as a convolution algebra in the homology
of the affine Grassmannian. The choice of representation V is incorporated
as certain “quantum corrections” to convolution in homology, which are kept
track of by an auxiliary vector bundle. To readers unhappy with the terms that
appear in the sentences above: in order to prove our results, we will use what
believe to be the first purely algebraic description of the Coulomb branch for
general G and V ; the geometric description given above will be only used to
show that this algebraic presentation is correct, so readers can safely set the
affine Grassmannian to one side if they desire.
A conjecture of Braden, Licata, Proudfoot and the author suggests a surprising rela-
tionship between these spaces: they should be symplectic dual [BLPW16]. This conjec-
ture requires a number of different geometric and representation theoretic properties,
the most important of which is a Koszul duality between generalizations of category O
over quantizations of these varieties. The existence of such a duality has been proven
in several special cases (see [BLPW16, §10.2]) but in this paper, we will give a general
construction of this Koszul duality.
First, let us be a bit more precise about what we mean by Koszul duality. For any
algebra A over a field k graded by the non-negative integers with A0 finite dimensional
and semi-simple, we can define a Koszul dual A! which is a quadratic algebra with the
same properties. By [MOS09, Thm. 30], we have that the Koszul complex yields an
equivalence between the derived categories of these algebras if and only if A is Koszul
in the usual sense. For a graded category C equivalent to A -gmod for A as above, the
category C! ∼= A! -gmod only depends on C up to canonical equivalence.
In order to construct category O’s, we need to choose auxiliary data, which determine
finiteness conditions: we must choose a flavor φ (a C∗-action on MH with weight 1 on
the symplectic form and commuting with the C∗-action induced by scaling), and a
stability parameter ξ ∈ (g∗)G. Note that the choice of ξ allows us to define the GIT
quotient MH,ξ with ξ as stability condition. Taking the unique closed orbit in the
closure of a semi-stable orbit defines a map MH,ξ → MH . In many cases, this is
a resolution of singularities, but MH,ξ may not be smooth, or may be a resolution
of a subvariety of MH. The variety MH,ξ has a natural quantization obtained from
the Hamiltonian reduction of microlocal differential operators on T ∗V (for the usual
moment map sending X ∈ g to the action vector field XV ), as defined in [BLPW16,
§3.4].
Associated to the data of (G, V , φ, ξ), we have two versions of category O:
(1) We let OHiggs be the geometric category O over the quantized structure sheaf
on MH,ξ discussed above, associated to the flavor φ.
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(2) We let OCoulomb be the algebraic category O for the quantization of MC defined
by the flavor φ with integral weights. The element ξ induces an inner grading
on this algebra which we use to define the category O.
There is a small asymmetry here, since one of these categories is a category of sheaves,
and the other a category of modules, but the difference is smaller than it may appear.
By [BLPW16, Cor. 3.19], we can compare algebraic and geometric category O’s and
express OHiggs as an algebraic category O at the cost of requiring more care regarding
parameters. The category OHiggs has an intrinsically defined graded lift O˜Higgs, which
uses the category of mixed Hodge modules on V ; the category OCoulomb has a graded
lift for which we will give an explicit algebraic definition below.
Theorem A There is a functor O˜!Coulomb → O˜Higgs. If MH is a Nakajima quiver variety
or smooth hypertoric variety, then this functor is an equivalence.
There is a general geometric property (†) which assures the equivalences above. We
expect this holds in all cases where MH is smooth and is proven in the quiver and
smooth hypertoric cases in [Web17b], but at the moment, we lack the tools to prove it
in full generality. For hypertoric varieties, Theorem A is proven in [BLPW12]. For the
quiver cases, the connection to Coulomb branches was only recently made precise, so
this version of the theorem was not proved before, but the results of [SVV14, Web17b]
were very suggestive for the affine type A case; in particular, our work gives a new
proof of the Chuang-Miyachi conjecture on Koszul duality between blocks of category
O on Cherednik algebras. Since the case of finite-type quiver varieties is the most
novel and interesting case of this result, we’ll discuss it in more detail in Section 4.4
and in future work. It is also closely related to the study of shifted Yangians as in
[KWWY14, KTW+a], and in particular, will lead to a proof of the main conjectures of
the latter paper [KTW+b].
In certain other cases, such as non-smooth hypertoric varieties, this functor is an
equivalence onto a block of OHiggs. One can also strengthen this theorem to include the
case where the flavor φ is a vector field which does not integrate to a C∗ action or we
allow non-integral weights. In this case, we have an analogous functor from O!Coulomb to
the category O attached to a Higgs branch, but one associated to a subspace of V as
a representation over a Levi of G. This phenomenon is a generalization of the theorem
proved in [Webc, Webb] relating blocks of the Cherednik category O to weighted KLR
algebras (see also Section 4.4).
Theorem A depends on explicit calculation. For arbitrary (G, V, φ, ξ), we give two
explicit presentations of the endomorphisms of the projective generators in OCoulomb.
This in turn depends on a presentation of the algebra quantizing MC itself. This
presentation is simpler and easier to see if we consider the Coulomb branch in the
context of a larger “extended category.” This category is natural from the geometric
perspective of the affine Grassmannian, and also seems to have a physical interpretation
3
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as a specific category of line defects in the associated gauge theory, with the original
BFN algebra corresponding to a trivial defect.
Via a standard representation-theoretic construction, this gives us a presentation
of the endomorphisms of projective generators in OCoulomb. However, we wish to focus
more on a second presentation that has the advantage of being graded, and thus allowing
us to define the the graded lift O˜Coulomb. After this paper circulated as a preprint,
H. Nakajima pointed out to us that the connection between these presentations has a
geometric explanation, using the concentration map to the fixed points of a complexified
cocharacter. This generalizes the work of Varagnolo and Vasserot [VV10, §2], which
concerns the case of the adjoint representation in connection with double affine Hecke
algebras. This will be explained in more detail in forthcoming work of his [Naka].
This second presentation also appears naturally in the Ext algebra of certain semi-
simple G-equivariant D-modules on V , which makes the functor O˜!Coulomb → O˜Higgs
manifest. Instead of category O, we may consider the category WCoulomb of all integral
weight modules, which has a graded lift W˜Coulomb, defined using the same presentation.
We obtain a fully faithful functor W˜ !Coulomb → D(V/G) -mod to the category of strongly
G-equivariant D-modules on V , independent of any properties of V or G. The functor
O˜!Coulomb → O˜Higgs is induced by this functor, and the hypertoric or quiver hypothesis
is only needed to assure that the quotient functor from D(V/G) -mod to modules over
the quantization of MH,ξ has the correct properties.
This geometric interpretation shows a remarkable positivity in the structure of the
weight representations of the Coulomb branch, based on the Hodge theory of the D-
modules discussed above. In particular, using the standard relation between mixed
categories and canonical bases axiomatized in [Web15], we obtain the result:
Theorem B (Cor. 4.5) The classes of simple modules in W˜Coulomb correspond to a
dual canonical basis in its Grothendieck group.
This result generalizes the Kazhdan-Lusztig conjecture for type A and Rouquier’s
conjecture for category over the Cherednik algebra [Rou08, §6.5]. more precisely, it
extends these results to the categories of Gelfand-Tsetlin modules and Dunkl-Opdam
modules, respectively, which correspond to weight modules under the isomorphisms of
U(gln) and H
sph(G(r, 1, ℓ) to Coulomb branches shown in [WWYa] and [KN]. Since
making these connections carefully is a calculation of non-trivial length, we leave dis-
cussion of these connections to later work [KTW+b, WWYb, Webb].
Thus, Theorem A can be strengthened to not just give an equivalence between these
categories, but in fact a combinatorial description of both of them. The algebras that
appear are an interesting generalization of (weighted) KLR algebras. Considering the
richness of the theory developed around KLR algebras, there is reason to think these
new algebras will also prove quite interesting from the perspective of combinatorial
representation theory.
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A particularly interesting context in which to consider these is when the Coulomb
branch is considered over a field of characteristic p. In this case, there is a natural
relationship between quantizations, tilting bundles and coherent sheaves, which we will
consider in more detail in future work [Weba].
Because of the nature of our proof of Theorem A, it extends easily to show that these
equivalences are compatible with certain natural autoequivalences of derived categories,
called shuffling and twisting functors. See [BLPW16, §8] for more on these functors.
Theorem C Under the hypothesis (†), the functor of Theorem A induces an equiva-
lence of graded derived categories Db(O˜Coulomb)→ Db(O˜Higgs) which intertwines twist-
ing functors with shuffling functors and vice versa.
This verifies two of the most important predictions of the conjecture that Higgs and
Coulomb branches of a single theory are symplectic dual to each other in the sense of
[BLPW16, Def. 10.1]; it remains to confirm the more geometric aspects of this duality,
such as a bijection between special strata.
Acknowledgements. We would like to thank Hiraku Nakajima for pointing out the
connection to Varagnolo and Vasserot’s past work, as well his forthcoming work. Many
thanks to Tom Braden, Alexander Braverman, Kevin Costello, Tudor Dimofte, Joel
Kamnitzer, Anthony Licata, Nick Proudfoot, Alex Weekes and Oded Yacobi for many
useful discussions on these topics.
2. The Higgs side
Let V be a complex vector space, and let G be a connected reductive algebraic group
with a fixed faithful linear action on V with no trivial summands; we will call G the
gauge group and V the matter representation following the standard practice in
physics. Let ∆ be the set of roots of the corresponding Lie algebra. Let H = N◦GL(V )(G)
H be the connected component of the normalizer of G in GL(V ); this is generated by
the connected subgroups G and C = CH(G) = AutG(V ). We choose a compact real
form GR of G; V carries a GR-invariant inner product, and we let HR be the subgroup
of H preserving this inner product. We let F = H/G, and call this the flavor group.
We let τ : C∗ → GL(T ∗V ) be the cocharacter that acts trivially on V and weight
−1 on V ∗. This induces an action of the products G × C∗, H × C∗, H˜ = H × C∗ act
on T ∗V , with the first factors acting by the unique symplectic action extending their
action on V . Let F˜ = H˜/G. Note that the usual symplectic form Ω transforms under
the character ν : H × C∗ → C∗ given by (g, t) · Ω = ν(g, t)Ω = tΩ.
We let T be a fixed maximal torus of G, and let T H˜ be a compatible maximal torus
of H˜ ; this induces tori T F˜ , TH , TC , etc. of the other groups we have considered. We let
t∗ be the corresponding Lie algebra, with t∗,Z denoting the derivatives of cocharacters
of T ∗ and t∗,Q, t∗,R, t∗,C the span of these over the corresponding fields.
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We fix a preferred homomorphism φ : C∗ ∼= T→ TF˜ such that φ(t)·Ω = tΩ; of course,
up to conjugacy, we lose no generality by considering this in TF˜ as opposed to F˜ itself.
Note that this means that φ(t) = (φ0(t), t) for some φ0 : C∗ → TF . However, we prefer
not to think of these components separately so as to emphasize the non-canonicity of
the isomorphism H˜ ∼= H × C∗. For example, Braverman-Finkelberg-Nakajima [BFNb]
prefer to multiply φ(t) by the scalar multiplication with weight 1/2, so it becomes
symplectic. This is not an isomorphism of groups, which is part of why we prefer
to avoid it, along with the desire to avoid a blizzard of 1/2’s appearing in formulas.
However our less symmetric choice will generate combinatorial complications of its own.
Our constructions will only depend on the representation of H˜ on T ∗V and the choice
of flavor φ, and not on the choice of invariant Lagrangian subspace V . However, making
a distinguished choice will be useful moving forward.
The group F˜ acts naturally on the Higgs branch MH,γ for any character γ. If MH,γ
is smooth2 then considering the action of T on the tangent space at any point of MTH,γ,
we see that the fixed subspace MTH,γ is isotropic (in the Poisson sense), and the set
M+H,γ = {m ∈MH,γ | limt→0
t ·m exists }
is Lagrangian (in the Poisson sense). Let D be a quantization of the structure sheaf
compatible with a conical C∗ action, as in [BPW16, §3.2]. Note that there is a subtlety
here: we have to choose a conical C∗-action (we usually denote the corresponding copy
of C∗ by S) in order to make sense of this category, but this geometric category O will
not depend on the choice (since the underlying sheaves are unchanged). For simplicity,
we will fix this action to let S be the action induced by the scaling action of T ∗V .
Recall that a good D module is one which admits a coherent D(0)-lattice. We wish
to define a special category of D-modules based on the structure of the action of the
flavor φ. This is a generalization of the geometric category O defined in [BLPW16]:
the key difference is that our T-action has weight 1 on the symplectic form, rather than
weight 0 as in [BLPW16]. However, by correctly writing this definition, we can give a
consistent definition for both cases.
We endow M+H,γ with the scheme structure defined by the ideal generated by all
global functions on MH,γ with positive weight under the action of T.
Definition 2.1 A good D-moduleM on MH,γ lies in category Og for the flavor φ if it
has a D(0)-lattice M(0) such that M(0)/hM(0) is scheme-theoretically supported on
M+H,γ.
Lemma 2.2 For a cocharacter φ0 : T→ F = H/G, the categoryOg for φ0 in [BLPW16,
Def. 3.15] is the same as that of Definition 2.1 for the pointwise product of φℓ0 and the
action of S for ℓ≫ 0.
2If MH,γ is not smooth then this is still true, but this requires a more careful argument. Since we
don’t need this fact, we will not include this argument; see [Web17b, Proposition 2.11].
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Proof. This follows immediately from [BLPW16, Prop. 3.18]: the functions with pos-
itive weight under this pointwise product for ℓ ≫ 0 are those where T has positive
weight, or T-weight 0 and positive S-weight. Note that only the constant functions
have S-weight 0 and no functions have S-weight 1 since V ⊕ V ∗ has no G-invariants, so
all of these functions must have S weight ≥ 2. Thus, these are precisely the functions
in the ideal J defined in [BLPW16, §3.1]. 
2.1. Lifts and chambers. In this section, we make some combinatorial definitions
needed in order to understand this category O.
The cocharacter φ has target F˜ ; thus it naturally acts on any quotient of a H˜-space
by G, but not on the vector space V itself. In order to act on V , we must choose a
cocharacter into H˜ whose composition with the projection is φ. For simplicity, we will
only consider such lifts to the torus TH˜ , since any other lift will be conjugate to one of
these. The set
t1,Z = {γ : C
∗ → TH˜ | πH˜→F˜ (γ) = φ}
of such lifts is a torsor for the cocharacter lattice X∗(T ).
By differentiating, we can view these lifts as elements of the Lie algebra tH˜ satisfying
an integrality condition, as the notation above suggests; they are the intersection of the
cocharacter lattice tH˜;Z with the preimage of the derivative of φ. If we consider affine
linear combinations of these with coefficients in C,R,Q, etc. we call these complex,
real, rational, etc. lifts of φ, and use t1,†, etc. to denote the space of these lifts with
† = Z,Q,R,C, etc.
Consider the action of TH on V and choose a decomposition V
∼=
⊕
V i such that
dimVi = 1 and each Vi is invariant over TH . Let ϕi be the weight of Vi over TH . Note
that each weight space for TC on V is an irreducible representation of G; we define
an equivalence relation on indices by i ∼ j if Vi and Vj have the same weight under
TC . Note that the Weyl group W of G acts naturally on the set of weights; we can
upgrade this to a group action of W on the set [1, d] such that ϕw·i = w ·ϕi; this action
isn’t canonical (for example, it cannot come from choosing the subspaces Vi so that
w · Vi = Vw·i, as the adjoint representation of sln shows).
Example 2.i. We’ll use the example of G = GL(2) with V ∼= C2 ⊕ C2 as our standard
example throughout. In this case, d = 4, with ϕ1 = ϕ3 = γ1 and ϕ2 = ϕ4 = γ2. The
centralizer of GL(2) is another copy of GL(2), which acts by the vector representation
on the multiplicity space of HomGL(2)(C2, V ). The normalizer H is thus the image
of GL(2) × GL(2) acting on the tensor product C2 ⊗ C2. This is the same as the
conformal orthogonal group acting on C4 ∼= C2 ⊗ C2, where C2 is endowed with a
symmetric bilinear form making the coordinate vectors isotropic.
Choosing the usual torus in F ∼= PGL(2), we obtain the relation 1 ∼ 2 and 3 ∼ 4.
We let φ be the cocharacter with weight −1 on the spaces Vϕ1 and Vϕ2 and weight 1
on the spaces Vϕ3 and Vϕ4 . The symplectic condition forces it to have weight 0 and −2
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on the duals of these spaces. Thus, in this basis, G˜L(2) ∼= GL(2)×T acts on V by the
matrices [
t−1A 0
0 tA
]
A ∈ GL(2), t ∈ T ∼= C∗
Definition 2.3 For a sign sequence σ ∈ {+, 0,−}d, we let V σ be the sum of the
subspaces V i with σi = +. We let (T
∗V )σ be the sum of Vi with σi = + and V
∗
i with
σi = −.
If we have any other set I equipped with a map ι : I → {+, 0,−}d, then we can
denote Vx = Vι(x) and (T
∗V )x = (T
∗V )ι(x) for any x ∈ I. This notation leaves ι
implicit, but in all examples we will consider, this map will be unambiguous.
Definition 2.4 We call σ compatible with a Borel B˜ containing T˜ if (T ∗V )σ is B˜-
invariant. We let K be the set of pairs of sign vectors in {+, 0,−}d and compatible
Borels.
If we fix a preferred Weyl chamber C of G˜ (and thus a standard Borel B˜), we have
a bijection of all the Weyl chambers with the Weyl group W of G (which is also the
Weyl group of G˜), and thus can think of K as a subset of {+, 0,−}d ×W .
Example 2.ii. In our running example, if B˜ is the standard Borel, then the non-
compatible sign vectors are of the form
(−,+, ∗, ∗) (−, 0, ∗, ∗) (0,+, ∗, ∗) (∗, ∗,−,+) (∗, ∗,−, 0) (∗, ∗, 0,+).
If we consider the opposite Borel (the only other), then +’s and −’s exchange places.
Now, we let
(2.1) ϕ+i = ϕi ϕ
mid
i =
1
2
(ϕ+i − ϕ
−
i ) = ϕi +
1
2
ν ϕ−i = −ϕi − ν.
Together, ϕ±i give the weights of tH˜ acting on T
∗V . As we mentioned before, the
papers of Braverman-Finkelberg-Nakajima [Nakb, BFNb] use the action on V with
weights ϕmidi .
Example 2.iii. In our example, tH˜ is 4-dimensional, and identified with the diagonal
matrices of the form diag(a+ s, b+ s, a+ t, b+ t); passing to t1 means considering these
with s = −1, t = 1. The weights ϕ+i are the entries of this diagonal matrix; the weights
ϕ−i are the weights on V
∗, which are the negatives of these weights minus ν.
Definition 2.5 For a sign sequence σ ∈ {+,−}d, we let
cσ = {γ ∈ t1,Z | ϕ
σi
i (γ) ≥ 0}
Cσ = {γ ∈ t1,R | σiϕ
mid
i (γ) ≥ 0}
8
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We let Cσ,w = Cσ∩w ·C be the intersection of Cσ with the open Weyl chamber attached
to w, and similarly cσ,w = cσ ∩w · C. Note that if Cσ,w 6= ∅, then σ is compatible with
wBw−1.
We can extend this notation to sequences in {+, 0,−}d by requiring ϕ±i (γ) ∈ (−ν(φ), 0)
if σi = 0;
Note that if we have that that φ ∈ tF,R, then these chambers cover the whole space
t1,R, with the only overlap between two chambers being a polytope in the intersection
of the hyperplanes on which they have different sign. If instead, ν(φ) > 0 , then there
will be a gap between chambers, as though they are separated by a fat hyperplane. If
ν(φ) < 0, then chambers will have larger overlaps, but we will not be interested in this
case.
Example 2.iv. Thus, if we use a and b as our coordinates on t1,R, we obtain the hyper-
plane arrangement:
ϕ+1 = 0
ϕ−1 = 0
ϕ+3 = 0
ϕ−3 = 0
ϕ+2 = 0
ϕ−2 = 0
ϕ+4 = 0
ϕ−4 = 0
C+,+,+,+C0,+,+,+C−,+,+,+C−,+,0,+C−,+,−,+
C+,0,+,+C0,0,+,+C−,0,+,+C−,0,0,+C−,0,−,+
C+,−,+,+C0,−,+,+C−,−,+,+C−,−,0,+C−,−,−,+
C+,−,+,0C0,−,+,0C−,−,+,0C−,−,0,0C−,−,−,0
C+,−,+,−C0,−,+,−C−,−,+,−C−,−,0,−C−,−,−,−
The side of a hyperplane carrying a fringe indicates the positive side (which thus includes
the hyperplane itself).
Given a cocharacter γ ∈ tH˜,Z, we let
Vγ = {x ∈ V | lim
t→0
γ(t) · x exists}
be the sum of the non-negative weight spaces for γ, and (T ∗V )γ be the corresponding
sum for T ∗V . Using the notation above, we have Vγ = Vσ for all γ ∈ Cσ.
The space (T ∗V )γ is Lagrangian and thus the conormal to Vγ for any (integral) lift
with ν(γ) = 1; for a real or rational lift with ν(γ) > 0, this space may be isotropic (and
9
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not Lagrangian) if γ /∈ Cσ for any σ ∈ {+,−}d. Furthermore, (T ∗V )γ = (T ∗V )γ′ for
lifts γ and γ′ if and only if both lie in Cσ for some σ ∈ {+, 0,−}
d, in which case, both
are equal to (T ∗V )σ.
In the diagram below, we’ve marked the chambers corresponding to sign vectors in
{+,−}d with Vσ (represented in terms of which coordinates are non-zero).
ϕ+1 = 0
ϕ−1 = 0
ϕ+3 = 0
ϕ−3 = 0
ϕ+2 = 0
ϕ−2 = 0
ϕ+4 = 0
ϕ−4 = 0
(∗, ∗, ∗, ∗)(0, ∗, ∗, ∗)(0, ∗, 0, ∗)
(∗, 0, ∗, ∗)(0, 0, ∗, ∗)(0, 0, 0, ∗)
(∗, 0, ∗, 0)(0, 0, ∗, 0)(0, 0, 0, 0)
2.2. The Steinberg algebra. For each pair (σ, w) ∈ K, we have an attached space
Xσ,w = G×wBw−1Vσ with the shorthandXσ = Xσ,1, with the induced map pσ,w : Xσ,w →
V sending (g, v) to gv.
For any collection of these pairs I ⊂ K, we can define a Steinberg variety by taking
the fiber product of each pair of them over V :
XI :=
⊔
(σ,w)∈I
(σ′,w′)∈I
Xσ,w ×V Xσ′,w′
with a natural G action. Throughout, we’ll let HBM∗ denote the Borel-Moore homology
of a space with coefficients in k.
Definition 2.6 The G-equivariant Borel-Moore homology HBM,G∗ (XI) equipped with
its convolution multiplication is called the Steinberg algebra in [Sau].
Equivalently, we can think of the Steinberg category X I whose objects are ele-
ments of I and where morphisms (σ′, w′)→ (σ, w) are given by HBM,G∗ (Xσ,w×V Xσ′,w′),
with composition given by convolution. The Steinberg algebra is simply the sum of
all the morphisms in this category; modules over the Steinberg algebra are naturally
10
Ben Webster
equivalent to the category of modules over the category XI (that is, functors from this
category to the category of k-vector spaces).
This category has a sheaf-theoretic interpretation as well. By [CG97, Thm. 8.6.7],
we have that
HBM,G∗ (Xσ,w ×V Xσ′,w′)
∼= Ext•((pσ,w)∗kXσ,w , (pσ′,w′)∗kXσ′,w′ )
with convolution product matching Yoneda product. The argument in [CG97] in fact
shows that that this can be enhanced to a dg-functor XI → Dbdg(V ), where XI is
made into a dg-category by replacing HBM,G∗ (Xσ,w ×V Xσ′,w′) with the Borel-Moore
chain complex on Xσ,w ×V Xσ′,w′. As argued in [Web17b, Prop. 2.19], this induced
dg-structure on XI is formal (and thus, can essentially by ignored) when k is a field of
characteristic 0, since the Hodge structure on HBM,G∗ (Xσ,w ×V Xσ′,w′) is pure.
Of course, we can define the same space, algebra or category when I is a set with a
map toK. The Steinberg category X I attached to a set with such a map is equivalent to
the category attached to its image (so the corresponding algebras are Morita equivalent).
Furthermore, the spaces Xσ,1 and Xw·σ,w are isomorphic via the action of any lift of w
to G˜, so the graph of this isomorphism provides an isomorphism between the objects
(σ, 1) and (w · σ, w) in the Steinberg category.
2.3. A presentation of the Steinberg category. We will give an explicit presenta-
tion of Steinberg algebras for certain sets which generalize both the KLR algebras of
[KL09, Rou] and the hypertoric algebras of [BLPW10, BLPW12].
Consider the space t1,R of real lifts of φ. We can think of the weights ϕi and roots α
as affine functions on this affine space, and so their vanishing loci are hyperplanes.
Definition 2.7 The matter hyperplanes H i for ϕi a weight as before, and Coxeter
hyperplanes hα for α ∈ ∆ are defined by
Hi = {γ | ϕ
mid
i (γ) = 0} hα = {γ | α(γ) = 0}.
We’ll draw matter hyperplanes with solid lines and Coxeter hyperplanes with dotted
lines in diagrams.
Definition 2.8 We let I (resp. I ′) be the set of sign vectors σ ∈ {+,−}d such that
there exists a choice of flavor φ such that cσ,1 6= 0 (resp. Cσ,1 6= 0); note that I ′ ⊇ I.
For a fixed flavor φ, we denote the corresponding sets Iφ and I
′
φ.
Example 2.v. In our running example, we have
I ′φ = Iφ = {(+,+,+,+), (+,−,+,+), (+,−,+,−), (−,−,+,+), (−,−,+,−), (−,−,−,−)}.
These sets are not always equal; choose your favorite example of a polytope defined
by equations with integral coefficients but containing no lattice points. For example,
11
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if C∗ acts on C2 with weights 2 and 3, and φ is the usual scalar multiplication, then
Iφ = {(+,+), (−,−)}, but I
′
φ = {(+,+), (−,+), (−,−)}.
If Cσ 6= ∅, then there is a unique sign vector wσ such that Cwσ = w ·Cσ. This is the
unique permutation of σ such that each ϕi is switched with ϕj = wϕi such that i ∼ j.
This is well-defined since if ϕi = ϕk and i ∼ k, then these have the same sign (since
Cσ 6= ∅). In particular, if σ ∈ I ′, the translate wσ is well-defined.
Definition 2.9 Given a pair (σ,σ′), we let ϕ(σ,σ′) be the product of the weights ϕi
such that σi = + and σ
′
i = −. Given a triple (σ,σ
′,σ′′), we let ϕ(σ,σ′,σ′′) be the
product of the weights ϕi such that σi = σ
′′
i = −σ
′
i.
Note that these expressions are related by the equation
ϕ(σ,σ′,σ′′) =
ϕ(σ,σ′)ϕ(σ′,σ′′)
ϕ(σ,σ′′)
.
Let ∂α(f) =
sα·f−f
α
be the usual BGG-Demazure operator on S := Sym(t∗
k
) ∼=
H∗G(G/B) where t
∗
k
∼= t∗Z ⊗ k.
Definition 2.10 We let AI′ denote the free category with objects given by the sign
vectors σ ∈ I ′, and morphisms generated by
• An action of S on each object σ.
• Wall-crossing elements w(σ;σ′) : σ′ → σ.
• Elements ψα(σ) : σ → σ for roots α such that sα · σ = σ.
ϕmid1 = 0ϕ
mid
3 = 0
ϕmid2 = 0
ϕmid4 = 0
C ′+,+,+,+C
′
−,+,+,+C
′
−,+,−,+
C ′+,−,+,+C
′
−,−,+,+C
′
−,−,−,+
C ′+,−,+,−C
′
−,−,+,−C
′
−,−,−,−
α = 0
Figure 1. In our running example, the resulting arrangement of matter
and Coxeter hyperplanes is given above.
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subject to the “codimension 1” relations:
w(σ,σ′)w(σ′,σ′′) = ϕ(σ,σ′,σ′′)w(σ,σ′′)(2.2a)
µw(σ,σ′) = w(σ,σ′)µ(2.2b)
ψα(σ)
2 = 0(2.2c)
ψα(σ)(µ)− (sαµ)ψα(σ) = ∂α(µ)(2.2d)
with σ,σ′,σ′′ ∈ I ′, µ ∈ t∗
k
and α ∈ ∆ a root with sα ·Cσ = Cσ and the “codimension 2”
relations (2.2e–2.2g) below. We get one of these for every codimension 2 intersection of
hyperplanes which forms a face of Cσ,1. There are 3 possible types of these intersections,
depending on whether the system of roots vanishing on the face is of rank 2, 1 or 0.
(1) The codimension 2 subspace is the intersection of 2 Coxeter hyperplanes hα and
hβ which form the simple roots of a rank 2 subsystem: No matter hyperplane
contains this intersection, since if H i did, then ϕi would have to lie in the span of α
and β, so ϕ±i would also vanish on this subspace. It follows that the value of ϕ
mid
i
lies in Z+ 1/2 and thus is certainly not 0.
In this case, for any chamber Cσ,1 adjacent to these hyperplanes, we have the usual
Coxeter relations for m = α∨(β) · β∨(α):
βα
σ
(2.2e) ψα(σ)ψβ(σ)ψα(σ) · · ·︸ ︷︷ ︸
m times
= ψβ(σ)ψα(σ)ψβ(σ) · · ·︸ ︷︷ ︸
m times
(2) The codimension 2 subspace lies in a single Coxeter hyperplane hα: In this case, the
codimension 2 subspace lies in some number of matter hyperplanes Hi1 , . . . , Him−1 ,
ordered cyclically; note that some of these weights will be equal or multiples of
each other. These are closed under action by sα, and this action reverses the cyclic
ordering so we have sα ·Hij = Him−j . We label the chamber between Hij−1 and Hij
on the positive side of hα by σj (with the convention that Hi0 = Him = hα). Note
13
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that some of these may be empty.
α
Him−1Hi1
Him−2Hi2
σ1σm
σ2σm−1 · · ·
· · ·
Going from σj to sα ·σm−j+1, there are two minimal length paths which go around
the codimension 2 locus in the two opposite ways. These don’t necessarily agree,
but they differ up to “lower order terms.”
(2.2f) w(σm−j+1,σ1)ψα(σ1)w(σ1,σj)−w(σm−j+1,σm)ψα(σm)w(σm,σj)
= ∂α(ϕ1 · sα(ϕ2))w(σm−j+1,σj)
where
ϕ1 = ϕ(σ1,σj) = ϕ(sα · σm−j+1, sα · σm)
ϕ2 = ϕ(σm,σm−j+1) = ϕ(sα · σm, sα · σ1).
(3) The codimension 2 subspace does not lie in a root hyperplane, and thus is the
intersection of some number of matter hyperplanes. The resulting relation here is a
consequence of (2.2a), but we include it for completeness. The relation (2.2a) says
that the two paths joining chambers opposite the codimension 2 subspace that go
around it in the two opposite sides are equal.
If there are exactly two hyperplanes, we label the adjacent chambers pi,ρ,σ, τ as
shown.
ji
σ
ρτ
pi
We then have the relation
(2.2g) w(pi,ρ)w(ρ,σ) = w(pi, τ )w(τ ,σ)
We let AP for P a set equipped with a map ι : P → I be the category with the
morphisms
HomAP (p, p
′) := HomAI′ (ι(p), ι(p
′)).
One particularly interesting case is when P = I ′φ.
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Example 2.vi. In our running example, the resulting algebra is well-known: we can
represent the positive Weyl chamber as a pair of points on the real line giving the coor-
dinates (a, b). Since we are in the positive Weyl chamber a > b, there is no ambiguity.
We cross a hyperplane when these points meet, or when they cross x = 1 or x = −1.
Thus, if we add red points at x ∈ {1,−1}, we’ll obtain a bijection between chambers
in I ′φ and configurations of points up to isotopy leaving the red points in place.
ϕ1 = 0ϕ3 = 0
ϕ2 = 0
ϕ4 = 0
α = 0
Figure 2. The correspondence between chambers and Stendhal diagrams
We’ll represent morphisms σ → σ′ by Stendhal diagrams (as defined in [Web17a,
§4]) that match σ at the bottom and σ′ at the top (with composition given by stacking,
using isotopies to match the top and bottom if possible). We send the
• identity on σ to a diagram with all strands vertical,
• the action of C[γ1, γ2] to a polynomial ring placing dots on the two strands,
• w(σ;σ′) to a diagram with straight lines interpolating between the top and
bottom
• ψα(σ) is only well-defined if there is no red line separating the two black lines;
we send this to a crossing of the two black strands.
· · ·· · ·
γi
· · ·· · ·
ψi(σ)
· · ·· · ·
w(σ;σ′)
· · ·· · ·
w(σ′;σ)
The relations (2.2a–2.2g) exactly match those of T˜ 2−2 as defined in [Web16, Def. 2.3]
(a special case of the algebras defined in [Web17a, §4]). Note the notation mismatch
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with our usual notation of T for a maximal torus of G. Thus, AIφ is equivalent to the
category of projective modules over this algebra. This is a special case of a much more
general result, which we will discuss in Sections 2.5 and 4.4.
Given a simple root αi, let Pi be the unique projective containing the Borel B and the
root SL2 for αi. Let Gi ⊂ G/B×G/B be the preimage of the diagonal in G/Pi×G/Pi.
Given a Pi-representation Q, we let LPi(Q) be the pullback of the associated bundle on
G/Pi to Gi, and if Q is a representation of the Borel, then let L(Q) be the associated
vector bundle on the diagonal inside G/B × G/B. Note that a sign vector σ ∈ I ′
satisfies sαi · σ = σ if and only if Vσ is a subrepresentation for Pi.
Theorem 2.11 We have a natural equivalence AI′ ∼= X I′ which matches objects in
the obvious way, and sends
(1) µ : σ → σ to the Euler class e(L(µ)) of the associated bundle on the diagonal
copy of Xσ,1 in XI .
(2) w(σ,σ′) to the fundamental class of the associated variety [L(V σ ∩ V σ)]) em-
bedded naturally in Xσ,1 ×V Xσ′,1 ⊂ G/B ×G/B × V .
(3) ψαi(σ) to the fundamental class of the associated variety [LPi(Vσ)] embedded
naturally in Xσ ×V Xσ ⊂ G/B ×G/B × V .
We will prove this theorem below, once we have developed some of the theory of
these algebras.
Lemma 2.12 The algebra AI′ has a natural representation Y which sends each object
σ to the polynomial ring S. The action is defined by the formulae:
w(σ,σ′) · f = ϕ(σ,σ′)f(2.3a)
ψα(σ) · f = ∂α(f)(2.3b)
µ · f = µf(2.3c)
Proof. The codimension 1 relations are simple to check. For the codimension 2 relations,
(2.2e) is a standard relation between BGG-Demazure operators, and (2.2f) follows from
the relation
ϕ(σm−j+1,σ1)∂α(ϕ(σ1,σj)f)− ϕ(σm−j+1,σm)∂α(ϕ(σm,σj)f)
= ϕ1ϕ3∂α(σ1)ϕ2 − ϕ2∂αϕ1ϕ3
= ∂α(ϕ1 · sα(ϕ2))ϕ(σm−j+1,σj)
where, by definition:
ϕ1 = ϕ(σ1,σj) = ϕ(sα · σm−j+1, sα · σm)
ϕ2 = ϕ(σm,σm−j+1) = ϕ(sα · σm, sα · σ1).
ϕ3 = ϕ(σm−j+1,σj) 
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ϕ1 = −1/3ϕ3 = −2/3
ϕ2 = −1/3
ϕ4 = −2/3
α = 0
ϕ1 = −1/3ϕ3 = −2/3
ϕ2 = −1/3
ϕ4 = −2/3
α = 0
Figure 3. The paths from Example 2.vii
For each pair (σ,σ′) ∈ I ′ × I ′, and w ∈ W , we fix a path of minimal length (i.e.
crossing a minimal number of hyperplanes) from Cσ′,1 to Cwσ,w. Now, fold this path
so that it lies in the positive Weyl chamber: the first time it crosses a root hyperplane,
apply the corresponding simple reflection to what remains of the path. Then follow this
new path until it strikes another wall, and apply that simple reflection to the remaining
path, etc. The result is a sequence β1, β2, . . . , βp of simple root hyperplanes and sign
vectors σ1, . . . ,σp corresponding to the chambers where we reflect. Now, consider the
product
(2.4) ˜w(σ,σ′, w) = w(σ,σp)ψβp(σp)w(σp,σp−1)ψβp−1(σp−1) · · ·ψβ1(σ1)w(σ1,σ
′).
Example 2.vii. In our running example, this is given by the diagrams without dots
which join the black strands with no crossing if w = 1 and with a crossing if w = sα,
and a minimal number of red/black crossings possible.
In Figure 3, we show one possible path σ′ = (+,−,+,−)→ sασ = (−,+,+,+), and
its reflection. The resulting element ˜w((+,−,+,+), (+,−,+,−), sα) is given by:
w((+,−,+,+), (−,−,+,+))ψα((−,−,+,+))w((−,−,+,+), (+,−,+,−))
and represented by the diagram
.
Theorem 2.13 The elements ˜w(σ,σ′, w) are a basis of the morphisms in AI′ as a
right module over S.
Proof. First, we note that they span. For this, it suffices to show that their span contains
the identity of each object, which is ˜w(σ,σ, 1) and is closed under right multiplication
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by the generators w(−,−) and ψ(−). Note that
˜w(σ,σ′, w)ψα(σ) =
{
˜w(σ,σ′, wsα) wsα > w
0 wsα < w
˜w(σ,σ′, w)w(σ′,σ′′) = ˜w(σ,σ′′, w)ϕ(σp,σ
′,σ′′)
so this shows that these vectors span.
Now, consider the action of these operators in the representation Y localized over
the fraction field of S. The action of ˜w(σ,σ′, w) is given by the element w, times a
non-zero rational function, plus elements which are shorter in Bruhat order. Thus, the
operators σ → σ′ span the twisted group algebra of W over rational functions. Since
this group algebra is a vector space of dimension #W over the fraction field, this is
only possible if the elements ˜w(σ,σ′, w) are linearly independent over S. 
We can think about this proof a little differently if we think a bit more explicitly
about paths. Let π : [0, 1] → t1,R be a generic path between generic points (i.e. any
point where this path meets a hyperplane is distinct from all other hyperplanes, and it
is transverse at these points), and let π′ be the path obtained when we reflect in the
Coxeter hyperplanes π reaches in order so that we stay in the Weyl chamber C.
Definition 2.14 Let ˜wπ be the product of the morphisms w(σ,σ
′) when π′ crosses a
matter hyperplane σ′ → σ and ψα(σ) when π′ strikes and reflects off the corresponding
Coxeter hyperplane, in the order we reach them along π′.
Note that we can extend this definition to paths bearing coupons with elements of
S on them at generic points, where this simply means we insert multiplication by that
element of S into the product above. In these terms, we can rewrite the relations of
Definition 2.10 in geometric terms: (2.2a) and (2.2b) around the hyperplane ϕmidi = 0
become
(2.5a) =
ϕi
f
=
f
while (2.2c) and (2.2d), with the dotted line given by the Coxeter hyperplane α = 0
becomes
(2.5b) = 0
f
−
sαf
=
∂α(f)
We have similar forms of the codimension 2 relations; the only one which is not a
straightforward isotopy without corrections is (2.2f) which in the generic case where
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m = 3 becomes
(2.5c)
sα · ϕmidi = 0 ϕ
mid
i = 0
−
sα · ϕmidi = 0 ϕ
mid
i = 0
=
sα · ϕmidi = 0 ϕ
mid
i = 0
∂α(ϕi)
As usual, any two such paths with the same endpoints can be joined by a combination
of isotopies that preserve genericity, and move only through “subgeneric” configurations.
By “subgeneric,” we mean configurations where we have a single tangency of the path
and a hyperplane, which allows us to create or cancel a pair of intersection points, or the
path goes through a generic point in the intersection of two hyperplanes, which allows
to relate the paths around this codimension 2 subspace in the two different ways.
The relations (2.2a) and (2.2c) show that if a path has intersection points which we
can cancel, then we can write ˜wπ in terms of shorter paths, and if two paths differ by
passing through a codimension 2 locus, the “codimension 2” relations (2.2e–2.2g) show
that the corresponding ˜wπ’s differ by an element in the span of shorter paths. You can
visualize these moves using the graphical rewriting of these relations.
The argument above can be rephrased as noting that ranging over all generic paths
π, the elements ˜wπ for all different paths span, and the relations above are enough to
write every path in terms of a single homotopy representative of the minimal paths
between each pair of endpoints, given by ˜w(σ,σ′, w).
Proof of Theorem 2.11. The functor described in the statement matches the action of
AI on Y with that of H
BM,G
∗ (XI) on YX =
⊕
(σ,w)∈I H
BM,G
∗ (Xσ,w), as simple computa-
tions with pushforward and pullback confirm (for example, as in [VV11]):
• The equation (2.3a) is simply the fact that the pushforward in question gives
multiplication by the normal bundle to V σ ∩ V σ′ inside Vσ, which is the sum
of the weight spaces with σi = + and σ
′
i = −. Thus, the Euler class of this
normal bundle is the product of these weights.
• The equation (2.3b) is simply the formula for integration over a P1 bundle by
Atiyah-Bott.
• The equation (2.3c) is clear from the definition.
The action on YX is faithful following the argument in [SW, Proposition 4.7], so this
shows we have a faithful functor AI → X I .
Let X(w) be the subset of the space XI′ where the relative position of the two flags is
w ∈ W . The surjectivity follows from the fact that ˜w(σ,σ′, w) is supported on X(w),
and pulls back to the fundamental class on X(w). The intersection of this space with
Xσ′ ×V Xσ is an affine bundle with fiber given by a conjugate of Vwσ′ ∩ Vσ. If a weight
is positive or negative for both wσ′ and σ, then a minimal length path does not cross
the corresponding hyperplane, whereas it will cross it once if the signs are different. 
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One slightly annoying aspect of the structure of the algebra AI is that it is not
immediately apparent how to index its simple modules. In general, this might be quite
challenging, but we can at least reduce it to studying a subset of the chambers I ′.
Definition 2.15 The defect of a chamber in I ′ is the number of matter hyperplanes
separating the chamber from some fixed point of W .
If we let Wσ be the stabilizer of σ ∈ I
′, then the projective module AI′e(σ) has an
action of Wσ has an action of the nilHecke algebra of Wσ by right multiplication. Since
the nilHecke algebra of Wσ is a matrix algebra of rank #Wσ, we have that
AI′e(σ) ∼= P
⊕#Wσ
σ
where Pσ = (AI′e(σ))
Wσ is the invariants of this action.
We call an indecomposable summand of Pσ novel if it is not isomorphic to a summand
of Pσ′ with lower defect, and boring if it is.
Proposition 2.16 For each sign vector σ ∈ I ′, the projective Pσ has at most one novel
indecomposable summand.
Building on this observation, we call σ itself novel if Pσ has a novel summand, and
boring if it does not.
Proof. Since AI -gmod is a Krull-Schmidt category, the summands of Pσ which don’t
appear as summands of Pσ′ are are controlled by the quotient of End(Pσ) modulo its
Jacobson radical and the two-sided ideal I<n of morphisms factoring through Pσ′ with
defect < n. Thus, the result will follow if we show that End(Pσ)/I<n is a local ring.
Note that EndA′
I
(AI′e(σ)) = e(σ)AI′e(σ) is spanned over S by the elements ˜w(σ,σ, w).
Since we have freedom to choose the path that gives ˜w(σ,σ, w), we can choose it to
be a straight-line path between two points in the chambers that are within ǫ of mini-
mizing the distance to the W -fixed points (in a fixed W -invariant inner product). This
assumption assures that if we travel along a path from this point where distance from
W -invariants is strictly decreasing, the defect will drop. If w /∈ Wσ, then the cor-
responding path from σ to wσ must cross a weight hyperplane that separates these
two chambers, and by our assumption, the defect drops when cross the first matter
hyperplane on this path, by the convexity of distance to the W -invariants on this path.
Thus, all these paths lie in I≤n.
Therefore, the corresponding quotient of e(σ)AI′e(σ) has a surjective map from the
nilHecke algebra, and SWσ surjects onto End(Pσ)/I≤n, showing that this ring is indeed
local. 
2.4. Variations. As earlier, we can generalize these algebras by taking any set P with
a map ι : P → I ′, and considering the category XP with objects given by P where
HomXP (p, p
′) := HomXI′ (ι(p), ι(p
′)).
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2.4.1. The set J . We let J (resp. J ′) be the subset of K such that cσ,w 6= 0 (resp.
Cσ,w 6= 0); note that J
′ ⊇ J . In this case, the map J ′ → I ′ is given by (σ, w) 7→
(w−1σ, 1). The algebra XJ ′ is Morita equivalent to XI′. However, it is a convenient
framework for understanding this category, because we can define certain special ele-
ments of it. We let w : (σ, w′)→ (wσ, ww′) to be the image of the identity on (w−1σ, 1)
under the isomorphism
HomXJ′ ((wσ, ww
′), (σ, w′)) := HomXI′ (((w
′)−1σ, 1), ((w′)−1σ, 1)).
These obviously satisfy the relations of W . It’s more natural to think of the S action
on (σ, w) to be the conjugate by w of that on (w−1σ, 1). For each pair of pairs (σ, w)
and (σ′, w′), we have a well-defined element of this algebra w(σ′, w′;σ, w) defined using
the folding of a minimal path from C ′w−1σ,1 to C
′
w−1σ′,w−1w′ (using the same notation as
(2.4)) by
w(σ′, w′;σ, w) = w′w(σ′,σp)sβpw(σp,σp−1) · · · sβ1w(σ1,σ)w
−1.
When we extend the polynomial representation Y to this category, we thus still send
every object to a copy of S with the action given by
w(σ, w;σ′, w′) · f = ϕ(σ,σ′)f
ψα(σ
′, w′) · f = ∂α(f)(2.6)
w · f = fw
µ · f = µf
2.4.2. The set K. Note that if a sign vector σ is compatible with w and w′, then
w(σ, w;σ, w′) gives an isomorphism between these objects. Thus, we can reduce the
size of our category by only choosing one object per sign vector σ, and identifying it
any others via the elements w(σ, w;σ, w′). This is the algebra XK attached to the set
K of sign vectors with cσ 6= 0 for some φ (similarly, we can define K ′), with the map
to I ′ associating a sign vector to the unique Weyl translate compatible with 1 ∈ W .
Note that in this category, if sασ = σ, then sα is an endomorphism of this object, and
computation in the polynomial representation confirms the relation sα = αψα + 1.
In XK , we have morphisms w(σ,σ
′), ψα(σ), w ∈ W,µ ∈ t
∗
k
as above, labeled by
feasible sign vectors σ,σ′, and these act as in (2.6). This algebra contains as a subcat-
egory X abK , the category attached to the representation V and the torus T˜ ⊂ G˜. This
is generated over S by the elements w(σ,σ′).
2.4.3. The set C . Finally, we consider the extended arrangement on t1,R defined by the
hyperplanes ϕmidi (ξ) = n for n ∈ Z. The chambers C of this arrangment are defined
not by sign vectors, but rather by integer vectors: associated to a = (a1, . . . , ad) we
have the chamber
(2.7) Ca = {ξ ∈ t1,R | ai < ϕ
mid
i (ξ) < ai + 1 for all i}.
21
Koszul duality between Higgs and Coulomb categories O
As usual, we call a feasible if this set is non-empty. Considering the inclusion of
chambers induces a map η : C → K ′, which gives us a category XC . Since the map
C → K ′ is surjective, XC is equivalent to XI′, but it will be useful to have this category
for comparison to the Coulomb case. As before, we can generate the morphisms of
this category with morphisms w(a, a′) and copies of k[W ] and S. These act in the
polynomial representation by
w(a; a′) · f = ϕ(η(a), η(a′))f(2.7a)
ψα(a) · f = ∂α(f)(2.7b)
w · f = fw(2.7c)
µ · f = µf.(2.7d)
2.5. The quiver and hypertoric cases. If G is abelian, then all relations involving
ψ do not occur, since there are no Coxeter hyperplanes. We are left with the relations
(2.2a, 2.2b, 2.2g), which appeared in [BLPW10, BLPW12]. The result is the algebra
A!pol(ϑ,−) from [BLPW12, §8.6].
Now we fix a quiver Γ and let V = ⊕i→jHom(Cdi ,Cdj ) as a module over G =
∏
GLdi
as usual. In this case we obtain the relations of a weighted KLR algebra as defined in
[Webd].
Let t act on T ∗V by τ and use addition by τ to identify t1,R ∼= t. We let zi,1, . . . , zi,vi
be the resulting coordinates on t1,R induced by the weights of the defining representation
of GL(Cvi) on Cvi . for i ∈ V (Γ) and k = 1, . . . , di.
Thinking of zi,k as coordinates on t1,R. In this case, the chambers Cσ are bounded
by the inequalities zi,k ≥ zj,m or zi,k ≤ zj,m − 1 if we have an arrow j → i.
Consider the KLR category on n strands of a graph Γ. This is an category whose
objects are lists i ∈ V (Γ)n for a fixed n and the morphisms are certain string diagrams
carrying dots, modulo certain linear relations we’ll discuss below. This category depends
on a choice of polynomialsQi,j(u, v) for i, j ∈ V (Γ). As usual, we’ll always use the choice
Qij(u, v) = (u− v)
#j→i(v − u)#i→j.
The KLR algebra as defined in [Rou, 3.2.1] is the formal sum of all morphisms in this
category.
We’ll use a slightly unorthodox generating set for this category:
• The dots y1, . . . , yn acting as a polynomial ring on each object.
yk =
i1 ik in
· · · · · ·
• Given i, j ∈ V (Γ)n, there is a unique diagram i1j : i→ j, as defined in the proof
of [KL09, Thm. 2.5], which connects these objects with a minimal number of
crossings. Let πi,j be the permutation of minimal length such that π · i = j.
Note that while we must make choices about how to resolve triple points in
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the diagram, the resulting element of the KLR algebra is independent of these
choices.
iijk1kiji =
i
i
i
i
j
j
k
k
• If ik = ik+1, then ψk : i → i switches these strands (in many other sources, ψk
is used for the morphism switching these strands no matter what the label; we
have absorbed those with different labels into the diagrams i1j above).
ψk =
i1 ik ik+1 in
· · · · · ·
Following [Rou, 3.12], we have a faithful polynomial representation of this category
with each object i sent to the polynomial ring k[Y1(i), . . . , Yn(i)]; this depends on a
choice of Pij(u, v) such that Qij(u, v) = Pij(u, v)Pji(v, u) and we will choose Pij(u, v) =
(u− v)#j→i. This representation is defined by the formulas:
yk · f(Y1(i), . . . , Yn(i)) = Yk(i)f(Y1(i), . . . , Yn(i))
i1j · f(Y1(j), . . . , Yn(j)) = f(Yπ(1)(i), . . . , Yπ(n)(i)) ·
∏
k<ℓ
π(k)>π(ℓ)
(Yπ(k) − Yπ(ℓ))
#jℓ→jk(2.8)
ψk · f(Y1(i) . . . , Yn(i)) =
f(. . . , Yk+1(i), Yk(i), . . . )− f(Y1(i), . . . , Yn(i))
Yk+1 − Yk
The relations of [Rou, 3.2.1] are a consequence of these formulas; we will not need them,
so we will leave them implicit.
Given a list i ∈ V (Γ)n where n =
∑
di, we let ξi be the unique coweight where
zj,1 < · · · < zj,dj and zj,k ∈ [1, n] satisfies izj,k = j for all k. For example, if i = (1, 3, 2, 3),
then we would have z1,1 = 1, z2,1 = 3, z3,1 = 2, z3,2 = 3.
Note that switching two entries of i which are not connected will not change the
underlying chamber. LetW be the set of coweights occurring this way, with the obvious
map W→ K just remembering the chamber where each coweight lies.
Proposition 2.17 We have an equivalence of AW to the KLR category of Γ for the
dimension vector d, sending:
(1) zj,k to yp, the dot on the kth strand from the left that has label j (which is the
pth from the left),
(2) w(i, j) to i1j, and
(3) ψαj,k(ξ) to the element ψp crossing the kth and k + 1st strands from the left
with label j (these must be adjacent for ψαj,k(ξ) to be defined).
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Proof. This follows by comparing (2.3a–2.3c) with (2.8). The match of yp with zj,k fixes
an isomorphism of the polynomial rings both categories act on and the match of ψαj,k
with ψp is clear.
A bit more explanation is needed for w(i, j). It suffices to prove this in the case
where i and j differ by switching the pth and p + 1st strands, which are the kth and
ℓth strands from the left with the labels jp = ip+1 and jp+1 = ip. The element w(i, j)
acts by multiplication by the weights which switch sign from negative to positive when
we go from ξj to ξi. The only such weight is zjp,ℓ − zjp+1,k, which corresponds to one of
the matrix coefficients of each edge jp+1 → jp. Thus, this weight appears with power
given by the number of such edges. Also note that the identification of y∗’s with z∗,∗’s
has changed by permuting yp and yp+1, as required. Thus, we match the formula
i1j·f(Y1(j), . . . , Yn(j)) = f(Y1(i), . . . , Yp+1(i), Yp(i), . . . , Yπ(n)(i))·(Yp+1(i)−Yp(i))
#{jp+1→jp}
which is the relevant special case of (2.8). Since both of these actions are faithful, this
induces an equivalence of categories. 
Note that this is quite similar to the isomorphism discussed in Example 2.vi. You
can think of a KLR diagram as specifying a path π by interpreting the x-values of
the strands at a y = t as the coordinates of a point π(t) ∈ t1,R tracing out a path
π : [0, 1] → t1,R, and the map associates the element wπ to this diagram. Thus (2.5a)
matches the KLR relations for resolving a bigon and sliding a dot through a crossing
involving strands with different labels or past a distant crossing and (2.5b) gives these
relations for crossings with the same label; the codimension 2 relations give all the triple
point relations in KLR and the commutation of distant crossings.
We can simplify this a bit in the case where Γ is bipartite, composed of “odd” and
“even” vertices; we choose an orientation pointing from odd vertices to even vertices,
and reindex by adding 1/2 to all the weights for odd vertices. In this case, our inequalities
become zi,k ≥ zj,m+ 1/2 independent of orientation. We’ll discuss this approach and its
implications for the representation theory of shifted Yangians in future work [KTW+b].
The existence of a non-trivial flavor complicates the situation. For each edge e : i→ j,
we have a weight φe. In this case, the chambers Cσ are defined by inequalities of the
form
zi,k ≤ zj,m + φe −
1
2
σi,j;k,m = +
zi,k ≥ zj,m + φe −
1
2
σi,j;k,m = −.
Thus, the chambers Cσ,w are precisely the equivalence classes of loadings for the KLR
algebra with the weighting ϑe = φe −
1
2
by [Webd, 2.12].
Given a set B of loadings, we have a map B → K ′ sending a loading to the corre-
sponding chamber as above. Comparing [Webd, 2.7] to (2.3a–2.3c) shows that:
Proposition 2.18 We have an isomorphism W ϑB
∼= AB.
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2.6. (Dual) canonical bases. In this section, we’ll assume that k = C; furthermore,
we’ll fix an index set Q with a map Q → I ′, and let A := AQ. In this case, the
Steinberg algebra has an interpretation in terms of G-equivariant D-modules on V .
This corresponds to the sheaf theoretic interpretation discussed before by the Riemann-
Hilbert correspondence.
Consider the union X = ⊔σ∈QXσ and let p : X → V be the projection to the second
factor. Let L = p∗SX be the D-module pushforward of the structure sheaf on X
by this proper map and Lσ = p∗SXσ , considered as a D-module on V/G, that is a
G-equivariant D-module on V .
As discussed earlier, [CG97, Thm. 8.6.7] together with the Riemann-Hilbert corre-
spondence shows that:
Proposition 2.19 We have a quasi-isomorphism of dg-algebras AQ ∼= Ext
•(L, L)
where the left hand side is thought of as a dg-algebra with trivial differential.
Since L is a sum of shifts of simple D-modules by the Decomposition Theorem
[BBD82], this shows that:
Corollary 2.20 The graded algebra AQ is graded Morita equivalent to an algebra
+A
which is semi-simple commutative in degree 0, and non-negatively graded.
In fact, [Web15, Lem. 1.18] implies that graded projective AQ-modules are a mixed
humorous category in the sense of [Web15, Def. 1.2 & 1.11]. Furthermore, Proposi-
tion 2.16 shows that when I ′ = Q, the set of novel sign vectors σ supply a collection of
objects satisfying [Web15, Lemma 1.6(1)].
Thus by [Web15, Lemma 1.13], we have that:
Corollary 2.21 ([Web15, Lem. 1.13 & Cor. 2.4])
(1) The classes of indecomposable projectives over AI′ form a canonical basis in
the Grothendieck group of graded projective finitely generated AI′-modules
K0(AI′ -gpmod); in particular, they are uniquely characterized by being bar
invariant, almost orthogonal, and having positive virtual dimension.
(2) The classes of simple modules over AI′ form the dual canonical basis of the
Grothendieck group of finite dimensional graded AI′-modules K
0(AI′ -fgmod);
that is, they are uniquely characterized by the same properties, but for the dual
precanonical structure.
In particular, this means that the graded Cartan matrix of the algebra AI can be
found using a generalization of the Krull-Schmidt algorithm: just as you can orthonor-
malize a collection of vectors “one at a time,” you can similarly make a collection of
vectors in a Z[q, q−1] -module with a bar involution almost orthogonal and bar-invariant.
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2.7. Consequences of Hodge theory. By standard dg-Morita theory, the isomor-
phism of Proposition 2.19 induces an equivalence between the dg-subcategory of bounded
complexes of D-modules on V/G generated by L, and the category of dg-modules over
AQ. We can strengthen this result by incorporating Hodge theory. The object L has a
unique pure Hodge structure of weight 0 induced by that for functions on X . We can
consider L as an object in the derived categoryDb(MHM(V/G)) of strong G-equivariant
mixed Hodge modules on V . This induces a Hodge structure on
⊕
Ext•(L, L), which
is pure because the space X is a union of affine bundles over flag varieties (see the
argument of [Web17b, Prop. 2.23]). That is, the same grading on the algebra AQ arises
from the homological grading on Ext•(L, L) or from the weight grading induced by the
Hodge structure.
Thus, if we consider an object X in Db(MHM(V/G)), we have that
(2.9) Ext•D(L,X)
∼= ⊕n∈Z Ext
∗(L,X(n))
is naturally the cohomology of a dg-module over AQ with a second grading induced by
the Hodge structure, i.e. by the decomposition on the RHS of (2.9). The difference of
these gradings is thus trivial on AQ, and the differential still has degree 1. Thus, using
this new grading as the homological grading, we obtain a usual complex of AQ-modules
(as opposed to a dg-module); remembering the weight grading makes this into a complex
of of graded AQ modules. Let AQ−gpmod be the category of graded projective finitely
generated AQ-modules (with homomorphisms of degree 0), and let K
b
perf(AQ − gpmod)
be the dg-category of finite length complexes of graded projective AQ-modules.
Let DbL(MHM(V/G)) be the dg-subcategory of mixed Hodge modules on V/G gen-
erated by Tate twists of L.
Definition 2.22 The functor R : DbL(MHM(V/G)) → K
b
perf(AQ − gpmod) is defined
by
R(X) = ⊕n∈ZRHomMHM(L(−n), X)
with modified homological grading discussed above.
Note that this still sends homological shift to homological shift, but the Tate twist
(n) is sent to a simultaneous shift of the homological and internal gradings of a complex
of graded AQ-modules. Again, standard dg-Morita theory shows that this functor is
an equivalence: since L is a generator, we need only show that R induces a quasi-
isomorphism on the self-Exts of L, which is tautological.
This equivalence sends simple mixed Hodge modules of weight zero to complexes
with a single indecomposable projective term satisfying Hom(P,AQ) ∼= P . Applying
Tate twist, we see that a general simple mixed Hodge module is sent to a complex
with a single term in homological degree −i, whose dual is isomorphic with the grading
shifted down by 2i: Hom(P,A) ∼= P (2i). We call a complex of projectives linear if after
forgetting differentials, it is a sum of such complexes. If apply the Morita equivalence
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to +A, then this will be equivalent to the usual category of linear projective complexes
defined in [MOS09], and thus it is an abelian subcategory of Db(AQ -gmod) given by
the heart of a t-structure. This leads us to:
Theorem 2.23 This equivalence induces an equivalence of categories between the
abelian category MHML of mixed Hodge modules lying in D
b
L(MHM(V/G)) and the
graded category LPC(AQ) of linear projective complexes over AQ.
Proof. We need only show that a complex in Db(AQ -gmod) is quasi-isomorphic to a
linear projective complex if and only if it is the image of a mixed Hodge module.
A linear projective complex has a filtration where the subquotients are single term
linear projective complexes. These correspond to Tate twists of the mixed Hodge
modules which are shifts of summands of L. Thus, the corresponding complex in
DbL(MHM(V/G)) has a filtration whose subquotients are these mixed Hodge modules,
and thus is itself a mixed Hodge module.
Now, we will show the converse by induction on the length of the mixed Hodge
module. We have already discussed the length 1 case. If X is a mixed Hodge module
in MHML then it has a simple submodule K which is a shift of a summand of L. By
assumption, the complex corresponding to X/K ⊕ K is linear projective, and X has
a corresponding complex with the same underlying module, and a different differential
(we take the cone of the corresponding element of Ext1(X/K,K)), which is thus also
linear projective. 
2.8. Category O. Now, we consider how this construction behaves under reduction.
For a given character ξ, we can define a symplectic reduction via GIT quotient MH,ξ =
T ∗V//G, which is a quasi-projective variety. We wish to study modules over a quanti-
zation of Mξ as in [BPW16, BLPW16] (also called DQ-modules in the terminology of
Kashiwara and Schapira [KS12]). As introduced in [BLPW16, §3.3] and we have slightly
generalized in Definition 2.1, we have a category Og attached to any quantization on
this variety. This is the category we called OHiggs in the introduction.
In our case, we can construct these quantizations as noncommutative Hamiltonian
reductions by the standard non-commutative moment map, sending X ∈ g 7→ XV , the
corresponding vector field on V . The category Og is a quotient of a category called
pOg defined in [Web17b, 2.8]; in essence, the category pOg consists of the D-modules
on V whose Hamiltonian reduction lies in Og for all choices of stability parameter.
This subcategory contains L by [Web17b, Thm. 2.18] if Q → I ′φ ⊂ I
′ is surjective.
We let DOg and DpOg be the subcategories of the derived category with the obvious
dg-enhancement generated by these abelian categories.
Definition 2.24 For a given character ξ, we call a sign vector σ unsteady if there is
a cocharacter ν with 〈ξ, ν〉 ≥ 0, and (T ∗V )ν ⊃ (T ∗V )σ.
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Let I = Iξ ⊂ A be the ideal in A generated by all morphisms factoring through the
object σ given by an unsteady sign vector. Since r(Lσ) = 0 by [Web17b, Thm. 2.18],
we have an induced functor r(L)
L
⊗A/I − : A/I -dg-mod→ Og.
In order to have the strongest version of our results, we need to make some assump-
tions introduced in [Web17b, §2.6]. The strongest of these is:
(†) Each simple module in pOg is a summand of a shift of L, and every simple with
unstable support is a summand of Lσ for σ unsteady.
Note that whether (†) holds depends on the choice of Q. If it holds for any Q, then it
holds for Q = I ′φ. In this case, this assumption holds for quiver varieties and smooth
hypertoric varieties, as shown in [Web17b]. A slightly weaker assumption is:
(†′) Each simple module M in pOg such that Ext
•(L,M) 6= 0 is a summand of a
shift of L, and every such simple with unstable support is a summand of Lγ for
γ ∈ B unsteady.
This holds for all hypertoric varieties, and seems likely to be the correct statement
when MH,ξ is not smooth. We know of no situation where (†′) fails, but it seems to be
a quite difficult statement to prove; it is not simple to describe the condition of being
in pOg using only the geometry of V/G, since it is a microlocal property.
As argued in [Web17b, Thm 2.25], we have that:
Theorem 2.25 If (†′) holds, then the functor r(L)
L
⊗A/I − : A/I -dg-mod → DOg is
fully faithful. If (†) holds, then it is an equivalence.
We can define a graded version of category O by considering the right adjoint r!. A
grading on an object M ∈ Og is a mixed Hodge structure on r!(M). Let O˜g be the
category of graded objects in Og with morphisms given by HomMHM(r!(M), r!(N)).
Theorem 2.26 If (†′) holds, then the functor r(L)⊗A/I − : LCP(A/I )→ O˜g is fully
faithful. If (†) holds, then it is an equivalence.
For our purposes, we wish to have a more user friendly characterization of instability.
Lemma 2.27 If Cσ 6= ∅, then the sign vector σ is unsteady if ξ does not attain a
maximum on a bounded subset of Cσ.
Proof. We have that 〈ξ, ν〉 > 0 if and only if ξ does not attain a unique maximum on
any ray parallel to ν. Furthermore, we have that (T ∗V )ν ⊃ (T ∗V )σ if and only if Cσ
contains a ray parallel to ν. By a standard result of linear programming, we have a
maximum on a bounded subset of the chamber if and only if we have a unique maximum
on each ray in the chamber. 
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Thus, if Q = I ′φ, we could also define I ξ as the ideal generated by projections to Lσ
with ξ not attaining a maximum on a bounded subset of Cσ.
3. The Coulomb side
The Coulomb side of our correspondence is given by a remarkable recent construction
of Braverman, Finkelberg and Nakajima [Nakb, BFNb]. As we mentioned in the intro-
duction, a more algebraic minded reader could ignore this geometric construction and
take Theorem 3.10 as a definition. We’ll wish to modify this construction somewhat,
so let us describe it in some detail. As before, let G be a connected reductive algebraic
group over C, with G((t)), G[[t]] its points over C((t)),C[[t]]. For a fixed Borel B ⊂ G,
we let I be the associated Iwahori subgroup
I =
{
g(t) ∈ G[[t]] | g(0) ∈ B
}
⊂ G[[t]].
The affine flag variety Fℓ = G((t))/I is just the quotient by this Iwahori.
Let V be the G-representation fixed in the previous section, and U ⊂ V ((t)) a
subspace invariant under I. We equip V ((t)) with a loop C∗-action such that vta
has weight a. This is compatible with the standard loop action on G((t)). We’ll be
interested in the infinite-dimensional vector bundle on Fℓ given by
XU := (G((t))× U)/I.
Note that we have a natural G((t))-equivariant projection map XU → V ((t)).
Definition 3.1 The flag BFN space is the fiber product XV [[t]] ×V ((t)) XV [[t]].
We’ll consider this as a set of triples XV [[t]] ×V ((t)) XV [[t]] ⊂ V ((t))× Fℓ× Fℓ. Recall
that H/CGL(V )(G) ∼= G/Z(G), so we can define an action of H((t)) on V ((t))×Fℓ×Fℓ,
with the action on the second two terms factoring through this quotient. Furthermore,
we have a natural action of the loop rotation C∗ which commutes past this in the usual
way, so we have an action of H((t))⋊C∗.
Let G˜((t)) be the subgroup of H((t)) × C∗ generated by G((t)) and the image of
G˜ →֒ G˜⋊ C∗ included via the identity times ν.
We’ll want to consider the equivariant homology H
BM,G˜((t))
∗ (XV [[t]] ×V ((t)) XV [[t]]).
Defining this properly is a finicky technical issue, since the space XV [[t]] ×V ((t)) XV [[t]]
can be thought of as a union of affine spaces which are both infinite dimensional and
infinite codimensional, making it hard to define their degree in homology. First, we
note that it is technically more convenient to consider the space
V [[t]]XV [[t]] = {(g, v(t)) ∈ G((t))× V [[t]] | g · v(t) ∈ V [[t]]} /I
Basic properties of equivariant homology lead us to expect that
HBM,G˜((t))∗ (XV [[t]] ×V ((t)) XV [[t]])
∼= HBM,T˜∗ (V [[t]]XV [[t]]);
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we will use this as a definition of the left hand side. The preimage in V [[t]]XV [[t]] of a
Schubert cell in Fℓ is a cofinite dimensional affine subbundle of XV [[t]]; thus, using both
the dimension of the Schubert cell, and the codimension of the affine bundle, we can
make sense of the difference between the dimensions of these cells. With a bit more
work, this allows us to make precise the notion of this homology, as in [BFNb, §2(ii)].
For our purposes, we can use their construction as a black-box, only knowing that basic
properties of pushforward and pullback operate as expected.
Definition 3.2 The Iwahori Coulomb branch algebra A is the equivariant Borel-Moore
homology H
BM,G˜((t))
∗ (XV [[t]] ×V ((t)) XV [[t]]).
An important special case of this algebra has also been considered in [BEF, §4],
when the representation is of quiver type (as discussed in Section 2.5). As usual, we
let h be the equivariant parameter corresponding to the character ν. Note that this
algebra contains a copy of Sh = S[h] ∼= k[˜t], the coordinate ring of t˜, embedded as
H
BM,G˜((t))
∗ (XV [[t]]) ∼= H
I˜
∗(∗). The algebra A also possesses a natural action on this
cohomology ring.
The original BFN quantum Coulomb branch algebra Asph is defined in essentially
the same way, using YV [[t]] := (G((t)) × V [[t]])/G[[t]]. Pullback by the natural map
XV [[t]] → YV [[t]] defines a homomorphism A
sph → A.
Theorem 3.3 The algebras Asph and A are Morita equivalent. In fact, the latter is a
matrix algebra over the former of rank #W .
Proof. This is a standard result that holds whenever we have a fiber bundle X → Y
such that the pushforward of kX to Y is a sum of constant sheaves and any map Y → Z:
the convolution algebra H∗(X ×Z X) is a matrix algebra over H∗(Y ×Z Y ) with rank
given by the sum of Betti numbers of the fiber.
We have a natural homomorphism H
BM,G˜((t))
∗ (XV [[t]] ×YV [[t]] XV [[t]]) → A. The map
XV [[t]] → YV [[t]] is a fiber bundle with fiber G/B, and equivariance shows that the push-
forward is a sum of constant sheaves. Those readers made nervous by the indirectness
in the definition of H
BM,G˜((t))
∗ from [BFNb] for these infinite dimensional vector bundles
can reassure themselves by checking that this fiber bundle property holds modulo any
power of t as well.
Thus, the convolution algebra H
BM,G˜((t))
∗ (XV [[t]]×YV [[t]]XV [[t]]) is a matrix algebra over
H
BM,G˜((t))
∗ (YV [[t]]) ∼= Sh of rank #W . As a consequence, we can write the identity
in this algebra as a sum of #W orthogonal and isomorphic idempotents e1, . . . , e#W ;
we can assume that the image of e1 in H
BM,G˜((t))
∗ (XV [[t]]) is the image under pullback
of H
BM,G˜((t))
∗ (YV [[t]]). The image e of e1 in H
BM,G˜((t))
∗ (XV [[t]] ×YV [[t]] XV [[t]]) gives an
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idempotent e ∈ A such that AeA = A and Asph ∼= eAe, thus these algebras are Morita
equivalent. 
Let Aab be the BFN Steinberg algebra for the subgroup T˜ ((t)). Note that A contains
Aab as a subalgebra. If we identify the Steinberg algebra with the homology A ∼=
HBM,T˜∗
(
V [[t]]XV [[t]]
)
then Aab is the image of pushforward πab from
Aab
∼= HBM,T˜∗ ({(g, v(t)) ∈ T ((t))× V [[t]] | g · v(t) ∈ V [[t]]} /T [[t]]) .
3.1. The extended category. While the Coulomb branch is our focus, it is easier to
study it in a larger context: there is an extended category in which it appears as the
endomorphisms of one object. This extended category has a simpler set of relations,
and thus is easier to get a handle on than the Coulomb branch on its own.
Before giving this definition, let us say a word or two about motivation. The Coulomb
branch naturally arises in a 3-dimensional quantum field theory as an algebra of local
operators of a topological twist. This is the Hilbert space of S2 in the twist, by usual
cut and glue techniques.
In physical terms, our extended category considers these local operators as the endo-
morphisms of a trivial line defect and studies these in the context of homomorphisms
to other line defects. Line defects in these categories will be discussed in more detail in
forthcoming work of Dimofte, Garner, Geracie and Hilburn [DGGH] and Hilburn and
Yoo [HY].
Definition 3.4 Let t1,H˜ = {ψ | dν(ψ) = 1} ⊂ tH˜,R be the set of real cocharacters
which act with weight 1 on the loop parameter t. Note that t1,R ⊂ t1,H˜ ; we’ll also be
interested in the coset tτ = τ + tR ⊂ t1,H˜ .
Given any η ∈ t1,H˜ , we can consider the induced action on the vector space V ((t)).
• Let Iη be the subgroup whose Lie algebra is the sum of non-negative weight
spaces for the adjoint action of η on g((t)). This only depends on the alcove in
which η lies, i.e. which chamber of the arrangment given by the hyperplanes
{α(η) = n | α ∈ ∆, n ∈ Z} contains η; the subgroup Iη is an Iwahori if η does
not lie on any of these hyperplanes.
• Let Uη be the subspace of elements of weight ≥ −1/2 under η. This subspace
is closed under the action of Iη. This only depends on the vector a such that
η ∈ Ca, as defined in (2.7).
We call η unexceptional if does not lie on the hyperplanes {ϕmidi (η) = n | n ∈ Z}
and generic if it is unexceptional and does not lie on any of the hyperplanes {α(η) =
n | α ∈ ∆, n ∈ Z}. We’ll call the hyperplanes defined above which the generic points
avoid the unrolled hyperplane arrangment. Given any unexceptional point η, it
has a neighborhood in the classical topology on which Uη′ = Uη; this neighborhood
necessarily contains a generic point.
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Example 3.i. We illustrate this arrangement in the case of our running example:
ϕ1 = 5/3
ϕ3 = −2/3
ϕ2 = 5/3
ϕ4 = −2/3
ϕ1 = 8/3
ϕ3 = 1/3
ϕ2 = 8/3
ϕ4 = 1/3
ϕ1 = 2/3
ϕ3 = 4/3
ϕ2 = 2/3
ϕ4 = 4/3
ϕ1 = −1/3
ϕ3 = 7/3
ϕ2 = −1/3
ϕ4 = 7/3
ϕ1 = −4/3
ϕ3 = −5/3
ϕ2 = −4/3
ϕ4 = −5/3
α = 0
α = 1
α = −1
α = 2
α = −2
α = 3
α = −3
α = 4
α = −4
The spaces Uχ which arise will be of the form:
Uχ = {(f1t
a, f2t
b, f3t
a−δ1 , f4t
b−δ2) | fi ∈ C[[t]]}
for a, b ∈ Z, δi ∈ {0, 1} are uniquely characterized by the inequalities:
−a + ǫ1 < χ(γ1) < −a + 1 + ǫ1 −b + ǫ2 < χ(γ2) < −b+ 1 + ǫ2
−a+ δ1 + ǫ3 < χ(γ1) < −a + δ1 + 1 + ǫ3 −b+ δ2 + ǫ4 < χ(γ2) < −b+ δ2 + 1 + ǫ4
Tracing these definitions through, we see that:
• The case δ1 = δ2 = 0 corresponds to the larger squares in the diagram above.
• The case δ1 = δ2 = 1 corresponds to the smaller squares.
• The case δ1 = 1, δ2 = 0 corresponds to the tall rectangles.
• The case δ1 = 0, δ2 = 1 corresponds to the fat rectangles.
The region where a = b = 0 is shaded in the diagram above.
For any generic η ∈ t1,H˜ , we can consider Xη := XUη := G((t))×Iη Uη, the associated
vector bundle. The space t1,H˜ has a natural adjoint action of Ŵ = NG˜((t))(T )/T , and
of course, Uw·η = w · Uη. Note that since τ(s)t
λτ(s−1) = (st)λ, we have that
tληt−λ = η − λ.
The ring Sh carries an action of the extended affine Weyl group induced by the
identification with HI×C
∗
∗ (∗). On this space, where tZ ⊂ Ŵ acts by translation times
h, and W acts as usual. We let
ηXη′ = {(g, v(t)) ∈ G((t))× Uη | g · v(t) ∈ Uη′} /Iη.
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Definition 3.5 Let the extended BFN category B be the category whose objects
are unexceptional cocharacters η ∈ t1,H˜ , and with morphisms given by
HomB(η, η
′) = HBM,G˜((t))∗ (Xη ×V ((t)) Xη′)
∼= HBM,T˜∗ (ηXη′) .
Let Bτ be the subcategory where we consider only objects in tτ .
As before, this homology is defined using the techniques in [BFNb, §2(ii)].
Remark 3.6. In several theorems below, we’ll only consider generic points in this cate-
gory. These are easier to work with for presenting endomorphisms, and there is a very
little loss of generality in doing so. As discussed before, for any unexceptional point
η ∈ t1,R, there is a nearby generic point η′ ∈ t1,R with U η′ = U η. Theorem 3.3 can be ex-
tended with the same proof to show that Hom(η, η′) gives a Morita equivalence between
End(η) and End(η′). This shows that after passing to Karoubi envelope, the categories
where we have all unexceptional objects, and those where we allow only generic η are
equivalent.
Note that Uτ = V [[t]]. Thus there must exist a nearby generic element o ∈ tτ of the
fundamental alcove such that Uo = V [[t]]. In this case, we have that Io is the standard
Iwahori so
(3.1) Asph = HomB(τ, τ) A = HomB(o, o).
Thus, this extended category encodes the structure of both of these algebras and more.
Furthermore, the category of representations of A (or equivalently, Asph) is closely
related to that of B. Let M be a representation of B, that is, a functor from B to the
category of k-vector spaces. The vector space N := M(o) has an induced A-module
structure. Since Hom(η, o) and Hom(o, η) are finitely generated as A-modules, this
functor preserves finite generation, and is in fact a quotient functor, with left adjoint
given by
N 7→ B ⊗A N(η) := Hom(η, o)⊗A N.
Note that there is a natural subcategory Bab (with the same objects), where the
morphisms are given by
Homab(η, η
′) ∼= HBM,T×C
∗
∗ ({(g, v(t)) ∈ T ((t))× U η | g · v(t) ∈ U η′} /T [[t]]) .
The inclusion is induced by pushforward in homology.
3.2. A presentation of the extended category. Note that any lift of w ∈ Ŵ to
G((t)) induces an isomorphism Xη ∼= Xw·η which intertwines the action maps to V ((t)),
given by (g, v(t)) 7→ (gw−1, w · v(t)). We denote the homology class of the graph of this
isomorphism by yw ( this class is independent of the choice of lift). As a cycle in ηXw·η,
this is given by
(3.2) yw = [
{
(w, v(t)) | v(t) ∈ Uη
}
]/Iη
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Consider two generic cocharacters η, η′ ∈ t1,R. Let
(3.3) r(η, η′) = [{(e, v(t)) ∈ T ((t))× U η′ | v(t) ∈ Uη}/T [[t]]] ∈ Homab(η
′, η).
If Iη = Iη′ (that is, the chambers are in the same alcove), this is sent to the class in
Hom(η′, η) of the space
Y (η, η′) = {(e, v(t)) ∈ G((t))× U η | v(t) ∈ U η′}/Iη
but this is not the case for η, η′ in different alcoves. We also have the morphism
yζ ∈ Homab(η, η− ζ) for ζ ∈ tZ (thought of as a translation in the extended affine Weyl
group); this is just the graph of multiplication by tζ . The element that [BFNb] denote
by rλ is represented in our notation by yλr(λ+ o, o) = r(o,−λ+ o)yλ
Definition 3.7 Let Φ(η, η′) be the product of the terms ϕ+i − nh over pairs (i, n) ∈
[1, d]× Z such that we have the inequalities
ϕi(η) > n−
1
2
ϕi(η
′) < n−
1
2
hold. Note that we could write this using (2.1) as
ϕmidi (η) > n ϕ
mid
i (η
′) < n,
and similarly with the inequalities (3.4a-3.4b) below. Let Φ(η, η′, η′′) be the product of
the terms ϕ+i − nh over pairs (i, n) ∈ [1, d]× Z such that we have the inequalities
(3.4a) ϕi(η
′′) > n−
1
2
ϕi(η
′) < n−
1
2
ϕi(η) > n−
1
2
or the inequalities
(3.4b) ϕi(η
′′) < n−
1
2
ϕi(η
′) > n−
1
2
ϕi(η) < n−
1
2
.
These terms correspond to the hyperplanes that a path η → η′ → η′′ must cross twice.
Note that if h is specialized to 0, then we just get each weight ϕi raised to a power
given by the number of corresponding unrolled hyperplanes crossed.
Remark 3.8. Since it has been absorbed into the notation, we should emphasize we
still have an underlying fixed flavor φ, used to define G˜. This flavor is implicit in the
definition of ϕ+i as elements of Sh, and thus in the products Φ(−,−,−); this is the only
place it will appear in our presentation of the BFN category.
Proposition 3.9 The morphisms Homab(η
′, η) between two generic cocharacters η, η′
have a basis over Sh of form yζ · r(η+ ζ, η′) for ζ ∈ tZ, with the relations in the category
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Bab generated by:
yζ · yζ′ = yζ+ζ′(3.5a)
yζ · r(η, η
′) · y−ζ = r(η − ζ, η
′ − ζ)(3.5b)
µ · r(η, η′) = r(η, η′) · µ(3.5c)
yζ · µ · y−ζ = µ+ h〈ζ, µ〉(3.5d)
r(η, η′)r(η′′, η′′′) = δη′,η′′Φ(η, η
′, η′′′)r(η, η′′′)(3.5e)
Proof. For simplicity of geometry, we assume that G = T is abelian. Equation (3.5a)
is just the fact that tζtζ
′
= tζ+ζ
′
. Equation (3.5b) is the fact that
tζY (η, η′)t−ζ = {(e, v(t)) ∈ G((t))× t−ζUη | t
ζv(t) ∈ Uη′}/Iη = Y (η − ζ, η
′ − ζ).
Equation (3.5d) and (3.5c) both fixing a representation of T˜ , and comparing the Chern
classes of the associated line bundles on F pulled back to ηXη′ with the trivial line
bundle with the induced equivariant structure. On Y (η, η′), this is obvious, since we
are just considering the fiber over the identity coset in F, which shows (3.5c). For
(3.5d), we must make a more careful comparison. The argument is the same as [BFNb,
Lemma 3.20]: the associated line bundle pulled back from F is T -equivariantly trivial
on each component, but the loop C∗ acts by with weight 〈ζ, µ〉 on the component of tζ .
Finally, the proof of (3.5e) is the same as that of [BFNb, Sec. 4(i–iii)], though we
need to correct a mistake in their statement: [BFNb, (4.7)] should read
rλrµ =
n∏
i=1
Ai(λ, µ) · r
λ+µ.
The product Φ(η, η′, η′′) is the product of the Euler classes of the associated bundles
for Uη ∩ Uη′′/(Uη ∩ Uη′ ∩ Uη′′) (which corresponds to the factors satisfying (3.4a)) and
(Uη + Uη′ + Uη′′)/(Uη + Uη′′) (which corresponds to the factors satisfying (3.4b). The
former is spanned by the vectors of the form t−nv where v is a weight vector of a weight
ϕi that satisfies
ϕ+i (η
′)− n ≥ −1/2 ϕ+i (η
′)− n ≤ −1/2 ϕ+i (η
′′)− n ≥ −1/2
which are equivalent to (3.4a), and similarly the latter to
ϕ+i (η
′)− n ≤ −1/2 ϕ+i (η
′)− n ≥ −1/2 ϕ+i (η
′′)− n ≤ −1/2
which are equivalent to (3.4b). Since the Euler class of the corresponding line bundle
is ϕi − nh, the product of these Euler classes are Φ(η, η′, η′′). 
If we draw r(η′, η) as a straight-line path in t1,H˜ , and thus compositions of these
elements as piecewise linear paths, with the unrolled arrangment drawn in, we can
visualize the relation (3.5e) as saying that when we remove two crossings of the hy-
perplane ϕmidi (η) = n from the path, we do so at the cost of multiplying by ϕ
+
i − nh.
We can thus represent elements of Homab(η, η) as paths which start at η and go to
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any other chamber of the form η − ζ (we implicitly follow these with translation yζ).
Composition of two paths p and q is thus accomplished by translating p so its start
matches the end of q, and then straightening using the relation (3.5e).
Example 3.ii. In our running example, let us fix η = τ . We let ξ1, ξ2 be the usual
coordinate cocharacters of the diagonal 2× 2 matrices. The algebra Aab = Homab(τ, τ)
is generated over Sh by
w1 = yξ1·r(τ+ξ1, τ) w2 = yξ2·r(τ+ξ2, τ) z1 = y−ξ1·r(τ−ξ1, τ) z2 = y−ξ2·r(τ−ξ2, τ)
with the relations
[z1, w1] = [z1, w2] = [z2, w1] = [z2, w2] = 0
z1w1 = γ1(γ1 − 2h) w1z1 = (γ1 + h)(γ1 − h)
z2w2 = γ2(γ2 − 2h) w2z2 = (γ2 + h)(γ2 − h)
since
ϕ+1 = γ1 + h ϕ
+
2 = γ2 + h ϕ
+
1 = γ1 − h ϕ
+
2 = γ2 − h.
Now, we turn to generalizing this presentation to the nonabelian case. Let ∆̂ denote
the set of real affine roots of G; that is ∆̂ = ∆ + Zδ. We can easily check that the
relations (3.5a–3.5d) hold in B for all elements of the extended affine Weyl group:
yw · yw′ = yww′(3.6a)
ywr(η
′, η)y−1w = r(w · η
′, w · η)(3.6b)
ywµy
−1
w = w · µ(3.6c)
Finally, if α(η) = n for some finite root α but no other weights or roots vanish, then
we can make this generic in two different ways: η± := η ± δα∨ for some small δ > 0.
Let I± be the corresponding Iwahoris. Note that for ǫ≪ 1, we have Uη = Uη± . Let
(3.7) Xα(η) =
{
(gv(t), g · I±, g · I∓) ∈ Xη± ×V ((t)) Xη∓ | g ∈ G((t)), v(t) ∈ Uη
}
.
Let uαα(η) = [Xα(η)] ∈ Hom(η±, η∓).
We wish to also consider the BGG-Demazure operators for an affine root of the form
α− nδ. Note that on t1,R, the equation α(η) = n is the vanishing set of α− nδ. Since
we consider a loop group which is not centrally extended, but which does include the
loop action, we cannot see the difference between such affine roots, but we do have a
difference between the coroots. Thus, we can define the affine reflections
sα−nδ · µ = µ− 2(α
∨(µ)− nh)α ∂α−nδ(f) =
sα−nδf − f
α
.
Theorem 3.10 The morphisms in the extended BFN category are generated by
(1) yw for w ∈ Ŵ ,
(2) r(η, η′)(η, η′) for η, η′ ∈ t1,H˜ generic,
(3) the polynomials in Sh,
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(4) uαα′(η) = uα−nδ(η) for η± affine chambers adjacent across α
′(η) = 0 for α′ ∈ ∆̂
an affine root (i.e. α′ = α− nδ for some finite root α′).
This category has a faithful polynomial representation where each object η is assigned
to H
BM,G˜((t))
∗ (Xη) ∼= Sh · [Xη], and the generators above act by:
r(η, η′)(η, η′) · f [Xη′ ] = Φ(η, η
′)f · [Xη](3.8a)
uα · f [Xη± ] = ∂α(f) · [Xη∓ ](3.8b)
yw · f [Xη] = (w · f)[Xw·η](3.8c)
µ · f [Xη] = µf · [Xη](3.8d)
The relations between these operators are given by (3.5a–3.6c) and the further relations:
u2α = 0(3.9a)
uαusαβusαsβα · · ·︸ ︷︷ ︸
mαβ
= uβusβαusβsαβ · · ·︸ ︷︷ ︸
mαβ
(3.9b)
ywuαyw−1 = uw·α(3.9c)
uαµ− (sα · µ)uα = r(η∓, η±)∂α(µ)(3.9d)
whenever these morphisms are well-defined and finally, if η′± and η
′′
± are two pairs of
chambers opposite across α(η) = 0 on opposite sides of an intersection of affine root
and matter hyperplanes as shown below, and η, η′′ differ by a 180◦ rotation around the
corresponding codimension 2 subspace:
α
Him−1Hi1
Him−2Hi2
η′+η
′′
+
η′−η
′′
−
η
η′′′
· · ·
· · ·
(3.9e) r(η′′′, η′−)uαr(η
′
+, η)− r(η
′′′, η′′−)uαr(η
′′
+, η)
= ∂α
(
Φ(η′+, η) · sαΦ(η, η
′
−)
)
r(η′′′, sαη)sα.
As in the abelian case, we can represent morphisms in our category by paths π : [0, 1]→
t1,R which are suitably generic. Let β1, . . . , βk be the list of affine roots (βi ∈ ∆̂) whose
hyperplanes π crosses in order, and let η
(i)
± be generic points in π on the positive and
negative side of the hyperplane for βi. Let η = π(0) and η
′ = π(1).
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Definition 3.11 Let η = π(0) and η′ = π(1). Consider the morphism
rπ = r(η
′, η
(k)
± )uβkr(η
(k)
∓ , η
(k−1)
± )uβk−1 · · ·uβ1r(η
(1)
∓ , η).
For a given η′, η, choose a fixed path π crossing a minimal number of hyperplanes
between them, and let r˜(η′, η) = rπ for this path.
(3.9g) =
ϕ+i − nh
f
=
f
while (2.2c) and (2.2d), with the dotted line given by the Coxeter hyperplane α = 0 for
an affine root α ∈ ∆̂ becomes
(3.9h) = 0
f
−
sαf
=
∂α(f)
where the green arrow at the right side of the last diagram indicates applying sα. We
won’t carefully right out the graphical version of (3.9e), but it is similar in structure to
(2.5c).
Proof. The verification of the action is straightforward:
(1) The affine Weyl group action is that induced on Sh by the conjugation action
of the torus, which is the action we defined before.
(2) The action of r(η, η′)(η, η′) is multiplication by the Euler class of Uη/(Uη′ ∩Uη)
(as in the proof of [BFNb, Thm 4.1]), which is the product of the weights of the
this space, which is exactly Φ(η, η′).
(3) This holds essentially by definition.
(4) This is a standard calculation for integration over a P1-bundle. See, for example,
[VV11, Prop. 2.23] or [SW, Prop. 3.4].
Faithfulness is similarly a standard argument using localization, since the same claim
is obviously true for the T -fixed points. See [SW, Prop. 4.7] for more details. Given
the representation and its faithfulness, the reader can readily verify that the relations
(3.5a–3.9e) are satisfied. The most interesting of these relations is (3.9e), so let us
verify this relation in more detail. The action of the LHS in the polynomial rep on a
polynomial f is:
(3.10) Φ(sαη, η
′
±)∂α(Φ(η
′
∓, η)f)− Φ(sαη, η
′′
±)∂α(Φ(η
′′
∓, η)f)
= Φ(sαη, η
′
±)Φ(η
′
∓, η)∂α(f) + Φ(sαη, η
′′
±)∂α(Φ(η
′′
∓, η))f
sα
− Φ(sαη, η
′′
±)Φ(η
′′
∓, η)∂α(f)− Φ(sαη, η
′′
±)∂α(Φ(η
′′
∓, η))f
sα.
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Since η′ and η′′ are both on the minimal length paths, neither is separated from both
sαη and η by any given unrolled hyperplane. Thus, we have that
Φ(sαη, η
′
±)Φ(η
′
∓, η) = Φ(sαη, η
′′
±)Φ(η
′′
∓, η) = Φ(sαη, η).
It follows that the first positive and negative terms in (3.10) cancel, and we obtain the
RHS of (3.9e). This confirms the relation.
Using the action of the elements of Ŵ , we can reduce to the case where η and η′ are in
the same alcove. The space Hom(η, η′) has a filtration by the length of the relative posi-
tion of the two affine flags. Let Hom≤w(η, η′) be the homology classes supported on the
pairs of relative distance ≤ w. By basic algebraic topology, Hom≤w(η, η′)/Hom<w(η, η′)
is a free module of rank 1 over Sh, since this space is isomorphic to the I-equivariant
Borel-Moore homology of a (infinite dimensional) affine space.
We’ll prove that
(∗) the Sh-module Hom
≤w(η, η′)/Hom<w(η, η′) is generated by the element r˜(η′, wη)w.
The element r˜(η′, wη)w is the pushfoward of the fundamental class by the map
Y (η′, η
(k)
± )×I
η
(k)
±
X(βk)×I
η
(k)
∓
Y (η
(k)
∓ , η
(k−1)
± )×I
η
(k−1)
±
X(βk)×I
η
(k−1)
∓
· · · ×I
η
(1)
±
X(βk)×I
η
(1)
∓
Y (η
(1)
∓ , η)→ Xξ′ ×V ((t)) Xξ.
This map is an isomorphism on the set of affine flags of relative position w. Thus, these
elements give a free basis of the associated graded for this filtration. This implies that
they are a basis of the original module; in particular, this implies that the elements
from the list above are generators.
On the other hand, we can also easily show that the relations displayed are enough
to bring any element into the form of a sum of elements r˜(η′, wη)w. We can pull all
elements of the Weyl group to the right using (3.6b, 3.6c, 3.9c), all elements of Sh to
the right using the relation (3.9d), and rewrite any crossing of a Coxeter hyperplane
by r(−,−) using the relation r(η±, η∓) = sα − αuα. This shows these relations suffice,
since there can be no further relations between our basis. 
Note that in the course of this proof, we have shown that:
Corollary 3.12 The elements r˜(η′, wη)w for w ∈ Ŵ is a basis of HomB(η, η′) as a
right module (or left module) over the ring Sh.
3.3. The deformed category and Hamiltonian reduction. Having fixed G and V ,
we have defined a larger group H acting on V , and we can also consider the Coulomb
branch for this larger group. For reasons we’ll discuss below, it is more natural to
consider the subgroup Q generated by G and the maximal torus TH fixed earlier. This
is the same as the preimage in H of the maximal torus TF ⊂ F . More explicitly, this
means that we only consider elements of H that preserve the decomposition of V into
simples fixed in Section 2.1. This group is denoted G˜′ in [BFNb, S 3(ix)].
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Let us consider the affine Grassmannian of Q; this has a natural map to the affine
Grassmannian of TF , which we identify with the coweight lattice X(F ) ∼= π1(F ).
Alternately, we can think of this as induced by the tropicalization homomorphism
q : Q((t))→ TF ((t))→ X(F ). If TF = Gm, then the second map is the homomorphism
sending a Laurent power series to its order of 0 at t = 0.
Let AQ denote the quantum Coulomb branch of the action of Q on V . Since the
affine Grassmannian is the disjoint union of the preimages of the points in X(F ), we
obtain a grading of AQ as a vector space; we can equivalently think of this as an action
of the Pontryagin dual T∨F
∼= Hom(X(F ),C∗). The algebra AQ contains a copy of
SQh
∼= H∗
T˜Q
(pt), the equivariant cohomology of a point for T˜Q ∼= TQ × C∗.
Lemma 3.13 ([BFNb, 3(vii)(d)]) The action of T∨F on AQ is by algebra automor-
phisms, and after specializing h = 1 has a non-commutative moment map induced by
the natural map U(t∨F )
∼= C[tF ] →֒ S
Q
1
∼= C[tQ]→ AQ.
Note that the isomorphism SQ1
∼= C[tQ] depends on a choice of splitting T˜Q ∼= TQ×C∗.
This paper and [BFNb] make different choices; we let C∗ act on V trivially, and in
[BFNb], it acts with weight −1/2. However, these different choices all lead to non-
commutative moment maps for the same action.
Applying quantum Hamiltonian reduction gives us a standard package of a deforma-
tion and collection of bimodules attached to it. If we consider the invariants A
T∨F
Q , then
the image of U(t∨F ) is central in these invariants, and we obtain a family over over the
base tF which is essentially A with its flavor parameters considered as formal elements
of the base ring U(t∨F ).
The additional ingredient we obtain from this approach is that for each character
χ : T∨F → Gm, the semi-invariants of A
χ
Q transforming according to this character form
a bimodule over A
T∨
F
Q . While U(t
∨
F ) is central in A
T∨
F
Q , the non-commutative moment
map condition guarantees that the left and right action on AχQ differ by a shift by
hχ. Thus, if we specialize our flavor parameters to scalars, we will obtain a bimodule
relating two different choices of flavor. These bimodules have played an important role
in the representation theory of symplectic singularities, and induce twisting or wall-
crossing functors, as discussed in [BPW16, §6]; these bimodules have a more abstract
definition in terms of quantization of line bundles, but [BPW16, Lemma 6.28], shows
that the reduction description we have given is the same.
We can easily extend all of these structures to the category B.
Definition 3.14 The deformed extended BFN category Bdef is the category with
the same objects as B and
Hom(η, η′) = H
BM,Q((t))×C∗
∗ (Xη ×V ((t)) Xη′) ∼= H
BM,T˜Q
∗ (ηXη′).
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The results above, such as Theorem 3.10, carry over in a straightforward way to this
category. The only difference is that we must interpret the products of weights Φ(−,−)
as weights of T˜Q, and rather than an action of Sh, we have one of S
Q
h .
This is naturally a subcategory inside the extended BFN category BQ for the group
Q acting on V . It is the subcategory where we only consider cocharacters in t1,R as
objects, and only allow ourselves to use tZ in the extended affine Weyl group, rather
than all of (tQ)Z. The category B
Q has a natural action of the torus (TF )
∨ on the
morphisms between any two objects with r(η, η′)(−,−),k[˜tQ] and Ŵ having weight 0,
and the copy of k[TH ] having the obvious action.
As before, the classes of weight χ (which is a coweight of F ) correspond to homology
classes concentrated on the components of the affine flag variety whose corresponding
loop has a homotopy class hitting χ under the map π1(Q)→ X(F ). Furthermore, this
action is induced by the same non-commutative moment map induced by the inclusion
of SFh into endomorphisms of each object. This shows that:
Lemma 3.15 The deformed extended BFN category Bdef is equivalent to the subcat-
egory of BQ equipped with only F∨-invariant morphisms by the obvious map.
Of course, if we instead fix χ ∈ X(F ) and look only at morphisms with this weight,
we obtain a Bdef -Bdef bimodule, which we denote T (χ).
As we discussed in the case of a single algebra, this bimodule has different left and
right actions of SFh , and thus if we impose a single flavor, we will arrive at a Bφ+χ -Bφ-
bimodule for extended categories associated to flavors whose difference is χ.
Definition 3.16 The Bφ+χ -Bφ bimodule φ+χT φ is the quotient of T (χ) by I(t1,R)
acting on the right or I(t1,R + χ) acting on the left.
Let φ+χT φ = φ+χT φ(o, o) be the corresponding bimodule over Aφ+χ and Aφ.
The definition φ+χTφ recovers the twisting bimodule we discussed above.
3.4. Representation theory. Throughout this section, we specialize h = 1; we let
S1 = Sh/(h− 1) ∼= C[t1,k]. Furthermore, we assume that k has characteristic 0.
Definition 3.17 We call a B-module M (resp. A-module N) a weight module if for
every η, we have that M(η) (resp. N) is locally finite as a module over S1 with finite
dimensional generalized weight spaces.
Let A -modW be the category of
Obviously, if M is a weight module, then N = M(o) is as well. The left adjoint
functor B⊗A − also sends weight modules to weight modules, since the adjoint action
of S1 on Hom(η, o) is semi-simple with eigenspaces finitely generated over S1.
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For each υ ∈ t1,k, η ∈ t1,R, we can consider the functor Wυ,η : B -modW → k -mod
defined by
(3.11) Wυ,η(M) = {m ∈M(η) | m
N
υ m = 0 for N ≫ 0},
with mυ for υ ∈ t1,k be the corresponding maximal ideal in S1. These functors are
exact, and prorepresentable. If we let Aη := Hom(η, η), then they are represented by
the projective limit
Pυ,η := lim←−B ⊗Aη
(
Aη
/
Aηm
N
υ
)
as N →∞.
Thus, as in [MV98, Prop. 3.5.6], we can present the category of weight modules
as modules over End(⊕Pυ,η). Since this is a highly infinite sum, it is perhaps more
conducive to package these Hom spaces into the morphisms of a category:
Definition 3.18 Let B̂ be the category whose objects are the set J of pairs of generic
η ∈ t1,R and any υ ∈ t1,k, with morphisms defined by
Hom
B̂
((η′, υ′), (η, υ)) = Hom(Pυ′,η′ , Pυ,η)
= lim←−HomB(η
′, η)/(mNυ HomB(η
′, η) + HomB(η
′, η)mNυ′).
We let B̂υ′ be the subcategory where we only allow objects (η, υ) with η ∈ tτ , υ ∈
υ′ + tZ.
We let Sυ1 = lim←−S1/m
N
υ ; this naturally acts by endomorphisms on (η, υ) in B̂ for any
η.
Lemma 3.19 The morphism space Hom
B̂
(
(η′, υ′), (η, υ)
)
is freely spanned as a left
module over Sυ1 by w · r(η, η
′)(w−1η, η′) for w ∈ Ŵ satisfying w · υ′ = υ.
In particular, if υ /∈ Ŵ · υ′, then Hom
B̂
(
(η′, υ′), (η, υ)
)
= 0.
Proof. Consider the quotient HomB(η
′, η)/mNυ HomB(η
′, η); since under the left action
of S1, the identity of η has weight υ, an element f ∈ Hom(η′, η) such that mυf = fmυ′′
maps to an element killed by the right action of mNυ′′ for some N . Such an element is
necessarily in the image of mN
′
υ′ for any υ
′ 6= υ′′ and any N ′ by the comaximality of
these ideals. Thus, the elements such that mυf = fmυ′ span the completion, and such
elements are spanned by w · r(w−1η, η′). 
It might seem more natural to consider the larger category where we allow υ ∈ Ŵ ·υ′,
but the resulting categories are equivalent, since (η, υ) ∼= (wη, wυ) for w ∈ W in the
the finite Weyl group, and tτ is invariant under Ŵ .
The results above establish:
Lemma 3.20 The category of weight modules over B is equivalent to the category of
representations of B̂ in the category of finite dimensional vector spaces. The category
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of weight modules over Bτ with weights in Ŵ · υ
′ is equivalent to the category of
representations of B̂υ′ in the category of finite dimensional vector spaces.
The category B̂υ′ contains a subcategory Â υ′ given by the objects of the form (o, υ)
for υ ∈ υ′ + tZ. Let A -modυ′ denote the representations of this category, which are
equivalent to the category of weight modules over A with weights in Ŵ · υ′.
4. Higgs and Coulomb
4.1. The isomorphism. Assume that k has characteristic 0; we are still specializing
h = 1. Consider ρ ∈ t1,k, and let W = ρ+ tZ.
We’ll call a weight ϕi of V or root αi of g relevant if it has integral value on ρ, and
irrelevant if it does not. The relevant roots form the root system of a Levi subalgebra
l = lρ ⊂ g, and the sum Vρ of relevant weight spaces carries an l action. Without loss
of generality, we can assume that ϕ+i (ρ) = 0 for all ϕi relevant.
Note that Wl is isomorphic to the stabilizer in Ŵ of any element of W, and in
particular, #Wl is the rank of the Hom space between any two objects of B̂ρ.
We now turn to considering the constructions of Section 2 for the group L acting on
the vector space Vρ. Let
(4.1) rC ′a = {ξ ∈ t1,R | ai < ϕ
mid
i (ξ) < ai + 1 for all i relevant}.
be the affine chambers associated to this smaller group. Let ηa be an element of tτ
satisfying the equalities as in equation (4.1). Such an element exists because there is
an isomorphism t1,R ∼= tτ sending ρ→ τ preserving ϕ
+
i for i relevant.
Note that we cannot make this choiceWl-equivariantly if we insist on choosing generic
elements. However, if a chamber rC ′a has non-trivial stabilizer, a standard averaging
argument and convexity show that the interior of rC ′a contains a fixed point of this
stabilizer, and we can choose ηa arbitrarily close to this fixed point. In particular,
for w ∈ Stab(a), we have that w · ηa and ηa are not separated by any matter hyper-
planes. Thus, the elements r(w · ηa, ηa) and r(ηa, w · ηa) = w−1r(w · ηa, ηa) give inverse
isomorphisms in B.
We can always choose ηw·a to be the image of ηa under some element of the Weyl
group Wl. This implies r(ηw·a, w · ηa) is always an isomorphism with obvious inverse.
Lemma 4.1
r(ηw′w′′·a, w
′ · ηw′′·a)w
′ · r(ηw′′·a, w
′′ · ηa)w
′′ = r(ηw′w′′·a, w
′w′′ · ηa)w
′w′′
We can consider the categories X C ,XX as discussed in Section 2.4. Let X̂C , X̂X
be the completions of these categories with respect to their gradings.
Let Φ0(η, η
′, ρ) be the product of the terms ϕ+i − n over pairs (i, n) ∈ [1, d]× Z such
that we have the inequalities
(4.2) ϕmidi (η) > n ϕ
mid
i (η
′) < n 〈ϕ+i , ρ〉 6= n.
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Note that if µ ∈ t∗
k
, then µ does not have a canonical extension to t1,k, but the expression
µ− 〈µ, ρ〉 is well-defined on t1,k, giving the same answer for any extension of µ to t˜k.
Definition 4.2 Let γ be the functor
γ : X̂C → B̂ρ
which sends each a ∈ C to (ξa, ρ), for ξa a generic element of rC ′a, and which acts on
morphisms by
γ(w(a,b)) =
1
Φ0(ηa, ηb, ρ)
r(η, η′)(ηa, ηb)(4.3a)
γ(ψi(a)) = sαiuαi(4.3b)
γ(w) = r(ηw·a, w · ηa)yw(4.3c)
γ(µ) = µ− 〈µ, ρ〉(4.3d)
As mentioned in the introduction, these formulas can be explained geometrically. In
particular, Φ0(ηa, ηb, ρ) can be interpreted as the Euler class of a normal bundle, just
as in [VV10, Proposition 2.4.7].
As the formulas above suggest, this isomorphism is essentially induced by that for the
abelianizations. It can be understood more clearly if we visualize w(a,b) and r(ηa, ηb)
as paths as discussed in Sections 2.3 and 3.2; we work in the case where G is abelian,
so ˜w = w and r˜ = r. The action of w(a,b) depends on whether it crosses certain
hyperplanes defined by a single level set of ϕi for each i; on the other hand, the action
of r(ηa, ηb) plays a similar role with all integral translates of this level set. However,
these translates have different linear factors attached to them, and on any given weight
space, at most one of these translates acts non-invertibly. The product Φ0(η, η
′, ρ)
precisely captures the non-invertible factors.
Theorem 4.3 The functor γ is an equivalence X̂ C ∼= B̂ρ which induces an equivalence
X̂X
∼= Â ρ sending χ 7→ (o, ρ− χ).
Before discussing the proof, let us discuss a very simple, but illustrative example:
Example 4.i. Consider the case of V = C with G = C∗ acting naturally, and flavor φ
giving weight −a on C and a− 1 on its dual space.
We can parameterize the space t1,R by the scalar x with which it acts on C. In these
terms, ϕmid1 = x + 1/2. Thus, we have chambers Ck for each integer k, given by the
inequalities k − 1/2 < x < k + 1/2. Representatives of these chambers are given by ηk,
the point where x = k.
We now fix a complex number ρ, and consider B̂ρ. The objects in this category
are identified up to obvious isomorphism with Z by considering (ηk, ρ). From this
perspective, our completion just means that we allow power series in t − ρ on each
object, where t ∈ Sh corresponds to the obvious character.
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Morphisms Hom
B̂ρ
((ηk, ρ), (ηm, ρ) are a rank one module over k[[t−ρ]], generated by
r(η, η′)(ηm, ηk). Let us consider how the isomorphism of Theorem 4.3 behaves in this
case. If k > m, then Φ0(ηm, ηk, ρ) = 1 in all cases (no real number satisfies the first two
inequalities of (4.2)), so γ(w(m, k)) = r(m, k). On the other hand, k < m, then
Φ0(ηm, ηk, ρ) =
∏
k≤n<m
ρ6=a+n
t− a− n.
Thus, if ρ − a is not between k and m and in their coset of the integers, we have
that r(m, k)r(m, k) = Φ0(ηm, ηk, ρ), that is, γ(w(m, k))γ(w(k,m)) = 1, as the relation
(2.2a) requires.
On the other hand, if k − ρ+ a and m− ρ+ a are integers of opposite sign, then
γ(w(m, k))γ(w(k,m)) =
Φ(ηm, ηk)
Φ0(ηm, ηk, ρ)
= t− ρ,
again, following (2.2a), since γ(t) = t− ρ. This confirms the isomorphism in this case.
Proof of Theorem 4.3. First, we must check that this functor is well-defined. There
is a natural faithful representation of the category B̂ρ sending (η, υ) to S
υ
1 using the
representation of (3.8a–3.8d). As in many previous proofs, we’ll prove the equivalence
by comparing this with the polynomial representation of X̂C given in (2.7a–2.7d). We
consider the completion of this polynomial representation with respect to the grading.
Consider the induced isomorphism sρ : C[[tk]] 7→ Sρ via shifting, that is, the image
of an linear function µ ∈ t∗
k
is µ − 〈ρ, µ〉. Simple calculations show that (2.7b) and
(3.8b) match via (4.3b), (2.7c) and (3.8c) match via (4.3c) and Lemma 4.1, and (2.7d)
and (3.8d) match via (4.3d), but perhaps we should say a bit more about (4.3a). The
image of φ(a,b) is the product of the linear factors ϕ+i − 〈ρ, ϕi〉 over the ϕ
+
i which are
relevant and which have different signs on a and b. This always divides Φ(ξa, ξb), and
the remaining factors are precisely Φ0(ξa, ξb, ρ), which shows the compatibility of (2.7a)
and (4.3a) with (3.8a).
The functor γ is clearly full, since all but one of the generators is an explicit image
and r(η, η′)(ξa, ξb) = γ(γ
−1(Φ0(ξa, ξb, ρ))w(a,b)). Thus, the map HomX̂C (a,b) →
Hom
B̂ρ
(ξa, ξb) is surjective. These are both free modules over C[[tk]] with rank equal
to #Wl, so a surjective map between them must be an isomorphism.
Finally, we note that if rC ′a contains a point of X
∗
1 (T ), then we can take this to be
ξa and in B̂ρ, we have an isomorphism (ξa, ρ) ∼= (0, ρ− ξa). The latter is an object in
Â ρ, and every one is of this form. 
As before, let I be the set of sign vectors σ such that cσ,1 6= 0, that is, whose chamber
Cσ,1 contains an element of X . The sum of morphisms in the category AI gives a finite
dimensional algebra; we’ll abuse notation and let the same symbol denote this finite
dimensional algebra. The identity 1σ on σ can be thought of as an idempotent in this
algebra.
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Corollary 4.4 The category A -modρ of weight modules with weights in Ŵ · ρ is
equivalent to the category of representations of AI in finite dimensional vector spaces
where S acts nilpotently; this functor matches the weight space for any weight in −Cσ,1
with the image of the idempotent 1σ.
As discussed in the introduction, this result is very powerful in understanding the
representation theory of the Coulomb branch in its own terms; we will discuss this
for quiver gauge theories in Section 4.4, but unspooling its consequences will require a
series of papers; the case of the Cherednik algebra of G(ℓ, 1, n) is covered in [Webb], of
ADE type quivers in [KTW+b], and its consequences for Gelfand-Tsetlin modules in
[WWYb].
This isomorphism also allows us to define a graded lift A˜ -modρ of the category of
weight modules given by modules with a grading on their weight spaces such that XC
acts homogeneously.
Corollary 2.20 shows that this category has a strong positive grading property; that
is, it is mixed humorous. It is a bit awkward to talk about projective objects in this
graded lift, since these correspond to pro-weight modules, but we can apply [Web15,
Lemma 2.4] to instead relate simple modules to the dual canonical basis:
Corollary 4.5 The classes of the self-dual simple modules in K0(A˜ -modρ) are the
dual canonical basis of the induced pre-canonical structure as defined in [Web15, §2].
We can also extend this isomorphism to the bimodule φ+χT φ. This has a natural
completion φ+χT̂φ to a bimodule over the categories B̂ associated to the flavors φ+ χ
and φ. Applying Theorem 4.3 to the action of Q on V , we find an isomorphism:
Corollary 4.6 Iφ+χÂIφ
∼= φ+χT̂φ.
4.2. Koszul duality. Assume that A is an algebra over a field k graded by the non-
negative integers with A0 finite dimensional and semi-simple. The Koszul dual of A
is, by definition, the algebra A! ∼= TA0A
∗
1/R
⊥ where R ⊂ A1 ⊗A0 A1 is the space of
quadratic relations, the kernel of the map to A2. The representation category of A
! is
equivalent to the abelian category LCP(A) of linear complexes of projectives over A. If
an abelian category is equivalent to the modules over an algebra A as above, then the
Koszul dual of the category is the category of representations of A!.
Fix a flavor φ. Let
M :=
⊕
Cσ,w 6=∅
(pσ,w)∗SXσ,w .
Combining Theorems 2.23 & 4.3 shows that:
Proposition 4.7 The Koszul dual of the category A˜ -modρ is the category MHMM of
Lρ-equivariant mixed Hodge modules of type M .
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Remark 4.8. In general, Db(MHMM) may not be a full subcategory of the derived
category of the abelian category MHM, so Ext•MHM(M,M)
∼= AIφ is not the same as
the Ext-algebra in the subcategory MHMM . For example, in the “pure gauge field”
case of V = 0, we have that AI is the cohomology of BLρ, which we can think of as
symmetric functions on t
k
for the action of the integral Weyl group Wρ. The algebra A
in this case is just the smash product Sh⋊W , and the subcategory A -modρ corresponds
to the modules which are the sum of their weight spaces over S1 for the W -translates
of ρ.
The ρ-weight space has a natural action of the stabilizer Wρ, and considering the Wρ
invariants defines a functor fromA -modρ toH
∗(BLρ)-modules where we letH
∗(BLρ) ∼=
C[t
k
]Wρ act by the ρ-shifted action. This gives the equivalence induced by Theorem 4.3.
In this case, sinceH∗(BLρ) has no elements of degree 1, the only linear complexes over
this ring are those with trivial differentials. Thus, the category MHMM is equivalent
to the category of vector spaces.
Example 4.ii. As before, consider the case of V = C with G = C∗ acting naturally, and
flavor φ giving weight −a on C∗ and a−1 on its dual space. In this case S1 ∼= C[t] with
t the natural cocharacter. The algebra A = Asph has generators generators r+ and r−
with
r−r+ = t− a+ 1 r+r− = t− a.
Note that r± give an isomorphism between the k and k− 1 weight spaces unless k = a,
the action of t − a on the k weight space Wk(M) has semi-simple part given by the
scalar k− a and nilpotent part t− k. Thus, if the weights of t are not in a+Z, then all
weight spaces are isomorphic, and we are equivalent to the pure gauge situation, since
all the only weight of the representation is irrelevant.
If we take weight spaces of the form a + Z, then we have the picture below:
a− 2 a− 1 a a + 1
r+ r+ r+
r− r− r−
We argued above that the composition around any loop except that connecting a and
a − 1 is an isomorphism, so there are two isomorphism classes, represented by a and
a−1. Thinking of taking this weight space as a functor, the elements r± give morphisms
in both directions between them, with the composition in either direction acting by the
nilpotent part of t. Thus, we obtain the completed path algebra of an oriented 2-cycle as
End(P0,a⊕P0,a−1). The Koszulity of this path algebra algebra is easily verified directly
(since every simple has a length 2 linear projective resolution).
Since this path algebra has no quadratic relations, its quadratic dual is given by
imposing all (two) possible quadratic relations: it is the path algebra of an oriented 2-
cycle with all length-2 paths set to 0. This is the endomorphism ring of the projective
generator in the category of strongly C∗-equivariant D-modules on A1 generated by
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the functions and the δ-functions at the origin. The two indecomposable projective
D-modules in this category are DA1/DA1(z
∂
∂z
) and DA1/DA1(
∂
∂z
z); their sum has the
desired endomorphism algebra. The untruncated path algebra appears as the Ext-
algebra of the sum of simple D-modules DA1/DA1z ⊕DA1/DA1
∂
∂z
.
Definition 4.9 Let Oρ be the intersection of A -modρ with category O for ξ ∈ (g∗)G ∼=
(t∗)W ⊂ S1, that is the modules such that the eigenspaces for ξ are finite dimensional
and the spectrum is bounded above in real part.
This is the category we called OCoulomb in the introduction.
Applying the equivalence of Corollary 4.4, we can describe Oρ as a subcategory of
modules over AI . Recall that we defined an ideal I ξ generated by e(σ) such that ξ
does no obtain a maximum on a bounded subset of Cσ
Theorem 4.10 The category Oρ is equivalent to the category of modules over the
quotient AI/I−ξ.
Proof. Of course −ξ does not a maximum on Cσ if and only if ξ does not have a
maximum on −Cσ.
Since all weight spaces for weights in −Cσ are isomorphic, if ξ does not obtain a
maximum on −Cσ, and any of these weight spaces are non-zero, then the corresponding
object is not in O. Thus, indeed, in this case e(σ) acts trivially on the AI-module
corresponding to an object in O. That is, any module coming from category O factors
through the quotient AI/I−ξ.
On the other hand, if a module does factor through this quotient, its weight diagram
is a union of chambers on which ξ does have a maximum. Since there are only finitely
many such chambers, we find that ξ has a maximum on this weight diagram, and there
are only finitely many integral points in this weight diagram for any fixed value of ξ.
Thus, the corresponding module lies in category O. 
Since I−ξ is a homogeneous ideal, this induces a graded lift O˜ρ of this category,
defined as modules in Oρ endowed with a grading on which the induced action of XC
is homogeneous.
Thus, combining Theorems 2.26 and Theorem 4.10, we have that:
Theorem 4.11 If (†′) holds, then the Koszul dual of the category O˜ρ for the character
ξ and flavor φ is equivalent to a block of O˜!g for the flavor φ on M−ξ = T
∗Vl//−ξL for
the integral quantization.
If (†) holds, then the Koszul dual of the category O˜ρ for the character ξ is equivalent
to O˜!g for the flavor φ on M−ξ = T
∗Vl//−ξL for the integral quantization.
4.3. Twisting and shuffling functors. Throughout this section, for simplicity we
assume (†) holds. As usual, this applies to the quiver and smooth hypertoric cases,
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since (†) holds there. Recall the category O’s for the varieties MH and MC are each
endowed with actions of two collections of functors: twisting and shuffling functors. We
refer the reader to [BPW16, BLPW16] for a more thorough discussion of these functors.
In this paper, we will only consider pure shuffling and twisting functors for simplicity;
a more detailed discussion of the impure would require incorporating the Namikawa
Weyl group of a Higgs branch.
Let us describe the form these functors take in the cases we are considering. Through-
out the description below, we let ⋆ ∈ {!, ∗}. On MH :
• The pure twisting functors are generated by functors rξ ◦ rξ
′
⋆ composing the
reduction functor rξ ∼= DpOg → DOg to the category O on Mξ with the left or
right adjoint of this functor. See [BL, (4.10)] and [Web17b, §4.4] for a more
detailed discussion of the comparison between these functors and the definition
in terms of tensor product from [BLPW16, §8.1].
• The pure shuffling functors are generated by composing the inclusion functor iφ
of DOg into D
b(D -mod) with its left or right adjoint iφ⋆ , as defined in [BLPW16,
§8.2]
On MC :
• The pure twisting functors are generated by tensor product with φ′T φ for φ and
φ′ both generic flavors and the adjoints of these functors; this is the definition
given in [BLPW16, §8.1].
• The pure shuffling functors are generated by composing the inclusion functor iξ
of OCoulomb into A -mod with its left or right adjoint iξ⋆ in the derived category
(i.e. the derived functor of taking the largest quotient or submodule in category
O), as above.
Theorem 4.12 The Koszul duality of Theorem 4.11 switches pure twisting and shuf-
fling functors matching r−ξ
′
◦ r−ξ∗ with i
ξ′
! ◦ i
ξ and φ′Tφ
L
⊗Aφ − with i
φ′
∗ ◦ i
φ.
Proof. The proof of this fact is roughly the same as in [BLPW12, 8.24]. The shuffling
functors come from inclusion of a projection to a subcategory, and the twisting functors
come from projection to an adjoint inclusion of a quotient category; these naturally
interchange under Koszul duality.
Now, let us be more precise. Given two subsets P, P ′ ⊂ I ′, we define the AP ′ -AP -
bimodule PAP (or similarly a XP ′ -XP -bimodule P ′XP ) by simply associating to the
pair (p′, p) ∈ P ′× P the vector space HomAI′ (p, p
′). This extends in an obvious way to
P, P ′ simply mapping to I ′ (or to K ′, etc.).
Let
AξP := AP/I ξ P ′A
ξ
P := P ′AP/(IξP ′A
ξ
P + P ′A
ξ
PIξ).
• Under the equivalence of DpOg to AIφ -dg-mod and DOg with A
ξ
Iφ
-dg-mod, the
functor r∗ is intertwined with inflation of a A
ξ
Iφ
to an AIφ module, and thus r
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with its left adjoint A−ξ
′
Iφ
L
⊗AIφ −. Since r
−ξ′ ◦ r−ξ∗ is an equivalence, its left and
right adjoints agree and r−ξ
′
◦ r−ξ∗ is intertwined with RHomAIφ (A
−ξ′
Iφ
,−).
• The categories Oρ for different choices of ξ are equivalent to the modules over
A−ξ, and the inclusion iξ corresponds to the pullback of A−ξIφ -modules to AIφ-
modules by the quotient map. Thus, the shuffling functors iξ
′
! ◦ i
ξ is intertwined
with A−ξ
′
Iφ
L
⊗AIφ − and i
ξ′
∗ ◦ i
ξ with its adjoint.
This shows the first desired match of functors.
• Under the equivalence DOg with AIφ/I−ξ -dg-mod, the shuffling functors are
determined by taking Ext of r(M) and r(M ′) for the different flavors φ and
φ + χ respectively. These are summands of M ′′, the corresponding sheaf for
GTH and any flavor, so ultimately, we find that
Ext•
(
r(M ′), r(M)
)
∼= Ext•
(
r(M ′), iφ+χ∗ ◦ i
φ(r(M))
)
∼= Iφ+χA
−ξ
Iφ
.
Thus, we have that iφ+χ∗ ◦ i
φ corresponds to Iφ+χA
−ξ
Iφ
L
⊗A−ξ
Iφ
− and iφ+χ! ◦ i
φ to
RHomA−ξ
Iφ
(
Iφ
A−ξIφ+χ,−
)
.
• Under the isomorphism of Theorem 4.3, the tensor product with φT φ corre-
sponds to Iφ′A
−ξ
Iφ
L
⊗Aξ
Iφ
−.
This shows the second desired match. 
4.4. Quiver varieties. The most important examples for us are hypertoric and quiver
varieties. In the hypertoric case, we just recover the results of [BLPW12] (in fact, the
arguments given here have already been given in the hypertoric case in [Web17b, §3]),
so there is no need for a detailed discussion. Interestingly, Theorem 4.11 gives a new
proof of the Koszul duality discussed in [BLPW10] (of course, this duality is fairly easy
to prove algebraically).
The quiver variety case is much more rich and interesting. For simplicity, we take
k = C in this example. Here we mean that we have a quiver Γ, and dimension vectors
v,w and
V =
⊕
i→j
Hom(Cvi ,Cvj )⊕
⊕
i
Hom(Cvi,Cwi) G =
∏
GL(vi).
The Higgs side of this case is studied in [Web17b, §4–5]. In particular, the Steinberg
algebras in this case are reduced weighted KLR algebras W¯ ϑ as shown in [Webd, Cor.
4.11]; we must add the adjective “reduced” here since we do not include the action of
the C∗ attached to the Crawley-Boevey vertex. As in Proposition 2.18, we can let B
be any set of loadings, and let ξ be the sum of the trace characters on sl(vi) for all i.
For any set of loadings B with the induced map B → I ′:
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Proposition 4.13 We have an isomorphism W¯ ϑB
∼= AB; the ideal Iξ is precisely that
generated by the idempotents for unsteady loadings.
Regarding the Coulomb branch, the resulting categories are closely related to the
truncated shifted Yangians introduced by the author, Kamnitzer, Weekes and Yacobi
in [KWWY14]. For quivers of type ADE, the algebraAsph is a truncated shifted Yangian
by [BFNa, Cor. B.26].
Applying Theorem 4.3 in this case requires a little care, however, since we must throw
out irrelevant weights and roots. We chose a flavor φ. That is, up to conjugacy, we
must choose of weight φe for each edge, and a cocharacter into
∏
GL(Cwi), that is,
φi,1, . . . , φi,wi for each i ∈ V (Γ). This is the same data as a weighting of the Crawley-
Boevey graph of Γ.
Now, we consider a coset of tZ in t1; this is given by fixing the class in C/Z for each
zi,m. Considering only relevant roots means expanding the vertex set of our graph to
form a new graph Γz,φ. Its vertex set is
V (Γz,φ) =
{
(i, [z]) ∈ Γ× C/Z | z ≡ zi,m (mod Z) for some m ∈ [1, vi]
}
.
The edges (i, [z])→ (j, [u]) are in bijection with edges e : i→ j with φe ≡ z−u (mod Z).
Note that we can lift paths in Γ to Γz,φ, and that a closed path will lift to a closed
path if and only if it lies in the kernel of the homomorphism π1(Γ)→ H1(Γ;Z)→ C/Z
with the last map induced by the weighting φe, thought of as a cohomology class in
H1(Γ;C/Z). Thus, Γz,φ is a subgraph of the union of some number of copies of the
cover of Γ corresponding to this kernel. We have dimension vectors given by
v(i,[z]) = #{m ∈ [1, vi] | z ≡ zi,m (mod Z)}
w(i,[z]) = #{m ∈ [1, wi] | z ≡ φi,m (mod Z)}.
Lemma 4.14 The subspace Vz,φ and group Lz,φ attached to this choice of flavor and
coset are isomorphic to
Vz,φ ∼=
⊕
e∈E(Γ′)
e : (i,[z])→(j,[u])
Hom(Cv(i,[z]),Cv(j,[u]))⊕
⊕
(i,[z])∈V (Γ′)
Hom(Cv(i,[z]),Cw(i,[z]))
Lz,φ =
∏
GL(d(i,[z]))
Thus, Theorem 4.3 shows that:
Theorem 4.15 The category A -modρ is equivalent to the representations of a reduced
weighted KLR algebra (associated to a set of loadings) for the Crawley-Boevey quiver
of Γz,φ, and the intersection Oρ of this subcategory with category O is equivalent to
representations of its steadied quotient.
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Note that this is not necessarily equivalent to the full reduced weighted KLR algebra,
since we may not have I ′φ = Iφ, but its representation category is always a quotient of
the representation category for the full algebra. The difference between the sets I ′φ and
Iφ is closely related to the monomial crystal (whose connection to shifted Yangians is
discussed in [KTW+a]). This theorem is particularly interesting in the case where the
quiver Γ is of type ADE; in this case, the reduced weighted KLR algebra appearing is
T˜λ as defined in [Web17a, §4], and Oρ is a tensor product categorification in the sense
of [LW15]. The equivalence of Theorem 4.15 and its connection to combinatorics is
studied in considerably greater detail in [KTW+b].
4.5. The Jordan quiver. An especially important special case is when Γ is a single
loop; in this case our dimension vectors are just integers v, w, and V ∼= (Cv)⊕w⊕ glv as
a representation of GLv. As recently shown by Kodera-Nakajima [KN], and expanded
upon by Braverman-Etingof-Finkelberg [BEF] and the author [Webb]:
Theorem 4.16 The algebra Asph for the Jordan quiver with w > 0 is isomorphic to
the spherical rational Cherednik algebra for the group Sv wrZ/wZ.
This isomorphism matches the weight of the loop (i.e. the weight of the flavor on
the adjoint representation) to the parameter k in the Cherednik algebra, the numbers
φm to the parameters ksm (using the conventions of [Webc, §2.1]), and the zm’s to the
spectrum of the Dunkl-Opdam operators.
Remark 4.17. The reader might find it a bit dissatisfying that in the case where w = 1,
the algebra A is an algebra containing the spherical Cherednik algebra as a submodule
and of rank (v!)2 as a module over it, but it is not the full Cherednik algebra H(Sn).
Rather, it’s the matrix algebra Mv!(eH(Sn)e), as Theorem 3.3 shows.
The algebra H(Sn) appears as the endomorphisms of another object in B; the convo-
lution description is as H
BM,G˜((t))
∗ (XU ×V ((t)) XU) where U = Cv[[t]]⊕ i and i is the Lie
algebra of the standard Iwahori. This matches the presentation of the Cherednik alge-
bra in [Webb], which also appeared in [Gri]. This is a rational version of the K-theoretic
description of the double affine Hecke algebra in [VV10, Thm. 2.5.6].
Now let us apply Theorem 4.15 in this case. The result is quite sensitive to the
rationality of k. If k /∈ Q, then the corresponding cover is an A∞ graph, and Γz,φ is a
union of segments. If k = a/e ∈ Q, then the corresponding cover is an e-cycle, and so
Γz,φ is a union of segments and e-cycles.
The most interesting case is when φm, zk ∈
1
e
Z, so Γz,φ is a single e-cycle (assuming
every Z-coset contains at least one zk). If we assume that φm ∈
1
e
Z, any object in
category O will have all its weights in a coset where zk ∈
1
e
Z. The nodes of this e-cycle
are in bijection with the classes of 1
e
Z/Z ∼= Z/eZ; the dimension vector w is the number
of m such that φm lies in the corresponding coset of
1
e
Z/Z, and similarly with v and
zk. Applying Corollary 4.4 in this case, we see that:
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Corollary 4.18 The category O of the spherical rational Cherednik with parameters
k = a/e and φm = ksm ∈
1
e
Z is equivalent to the steadied quotient of the weighted
KLR for the Crawley-Boevey quiver of an e-cycle with the parameters determined by
φm.
Note that this is subtly different from the description of category O for the full
Cherednik algebra in [Webc, Th. A], (which is extended in [Webb]), though it is closely
related. There, the horizontal position of the red strand attached to φm is shifted to
ksm +mek/ℓ so that they are generic. Thus, the resulting algebra is guaranteed to be
quasi-hereditary, as would be expected to match category O from the full Cherednik
algebra. The category O of the spherical algebra is not highest weight precisely at
aspherical parameters, as discussed in [DG10]. The subtle difference between Corollary
4.18 and [Webc, Thm. 4.8] shows that aspherical parameters can also be understood
as those where this shift of the position of the red strands does not result in a Morita
equivalence (as in [Webc, Cor. 5.17]). Presumably, the results [DG10, Thm. 1.1] can
be rephrased in this language, since that paper also leans heavily on the technique of
considering the Dunkl-Opdam spectrum.
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